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THE ECONOMETRICS OF THE STOCK MARKET II:
ASSET PRICING

Enrique SENTANA*
CEMFI and LSE Financial Markets Group

This paper reviews three empirically orientated asset pricing models: the consumption and traditional
CAFPM, and the APT. They all imply that asset prices are the expected value of their payoffs times
a common stochastic discount factor. Thus, an asset risk premium is proportional to its covariance
with economy wide risks and diversifiable risk is not priced.

Models are usually tested by checking if the implied discounted excess returns are zero on average for
several assets simulianeously. The empirical success is higher for those that explain returns in terms
of other assets instead of «macroeconomicy variables. Nevertheless, there are several unexplained
anomalies.

1. Introduction

Asset pricing theories are concerned with determining the expected returns
of assets whose payoffs are risky. These include not only financial securities
such as stocks and bonds, but also real assets such as venture capital.
Explicitly, these models analyze the relationship between risk and expected
return, and address the crucial question of how to value risk. In this
paper, we shall review three of the most popular empirically orientated
asset pricing models currently available, the traditional Capital Asset
Pricing Model (CAPM), the Arbitrage Pricing Theory (APT) and the
Consumption CAPM. Importantly, we shall consider dynamic versions of
these theories in which changing information implies a changing risk per-
ception by agents.

Our analysis will be done in discrete time in order to avoid the use of the
tools of stochastic calculus necessary for intertemporal continuous time
asset pricing models. As a result, we have to ommit a significant fraction
of the theoretical literature (see Merton (1990) and the references therein),

* This introduction to empirical work on the stock market is based on lecture
material given at CEMFI (Madrid), the Finnish Doctoral Programme, IAE
(Barcelona), and the London School of Economics. My thanks go to the Editorial
Board of Investigaciones Econémicas for encouraging me to polish them for publi-
cation. Helpful comments from Mushtaq Shah and participants in the different
venues are gratefully appreciated. Two anonymous referees have also helped me
greatly improve the paper.
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and an increasing number of applied papers. We shall not consider either
asymmetric information models in which different agents have access to
different information, or models in which agents hold different views about
the world. ’

Let R, be the gross return of asset j during period ¢, that is, the total
payoft (price and «dividend») that we would receive at the end of period ¢
if we were to invest one unit (of some numeraire good) in asset j today
(end of period ¢-1). Since asset j is risky, its return, R, a bundle of contin-
gent claims, is random and not known at ¢~1. The exception is a «riskless»
agset, say asset 0, whose (gross) rate of return, R, is independent of the
state of the world next period (i.e. certain) and determined in period -1
The safe return is used as the «no risk» opportunity cost of the different
investments. In this respect, we are often interested in excess returns, T
defined as the difference between asset j’s uncertain return and the safe
return of the riskless asset, i.e. 7, = R, — R,,. We also assume that agents
have some common information set available at #~1 upon which they base
their common judgment on the distribution of uncertain returns. For that
reason, we shall work in terms of the distribution of returns conditional on
the agents information set. In this context, we call v, = E,, (R,) the expected
value of R, as of time 7—1 (where vy, = R,). Then the risk premium on
asset j is naturally defined as W, = v, — vy, = E_, (r;), i.e. the (conditional)
expected value of excess returns. The risk premium measures the agents’
valuation of the riskiness of the asset. Many risky assets have positive risk
premia, some negative, others zero. Shares are examples of assets with
positive risk premia, insurance policies of assets with negative ones, short
run government bonds of assets with (almost) no risk premia. The aim of
asset pricing theories is to explain why different assets have different risk
premia by looking at the relationship between risk and return.

Before discussing any specific asset pricing theory, it is worth recalling how
assets would be valued in an Arrow-Debreu world with a complete set of
security markets for state-contingent claims. Since R, is a bundle of claims
on the numeraire good contingent on the possible states of the world at
time ¢, the asset price would simply be the sum across states of the asset
payoff in each state times the price of the corresponding state-contingent
claim. If we now define state prices per unit probability as the prices of
the claims divided by the conditional probability of the associated states,
and represent them by the random variable {,, the asset price is simply
the probability weighted sum across states (or expected value) of the
payoffs times these redefined state prices. Since we have normalised the
assets so that they cost one unit, we will have that:

1=E. (R C) [1]

' Most asset pricing theories and their tests can be easily modified to accommo-
date situations when a riskless asset is not available. However, we shall not discuss
such versions here to avoid too lengthy an exposition.
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This is basic equilibrium relationship that we mentioned in the introduc-
tion to the first part of this survey. Notice that {, could also be understood
as a common stochastic discount factor that discounts uncertain payoffs
differently across states of the world. This interpretation is reinforced by
the fact that we can rewrite the above expression for today’s asset price as
1 =E, (R) E. () + covy (R, §)). The first term uses E,, ({,) to dis-
count the espected payoff; the second is a risk adjustment?® For the riskless
asset, the above expression gives Ry, = 1/E,_, (C,). Using this result we get:

K= covy (Rju - Cl Ry) [2]

That is, the risk premium on an asset is proportional to the covariance
between that asset and the stochastic discount factor. Hence, the risk that
is priced is not the total variance of the asset, but rather the part of that
variance that is correlated with the common stochastic discount factor. As
we shall see, this is 2 common theme in all asset pricing theories.

Unfortunately, the Arrow-Debren world is too general a framework for
empirical work. Besides, as we said in the first part of this review, without
further restrictions on {, the basic equilibrium relation for asset returns
can hardly be falsified by the data (see e.g. Hansen and Jagannathan
(1991)). For take any finite set of non-redundant securities whose returns
are represented by the random vector R, with conditional mean v, and
conditional covariance matrix 2. Then, assuming that the matrix >+ v, v,
has full rank, the portfolio {; =/ (£, + v, v)'R,, with / a vector of 1—s,
will trivially satisfy E,_, (R; §;) = 1 and all the other expressions that we
have derived from it for all the assets in our sample.

Hence, what all empirically orientated asset pricing theories must do at the
end of the day is to propose a candidate stochastic discount factor (or
implicit set of state prices), {,, that satisfies the above expression and leads
to testable implications. The empirically relevant question is then whether
the candidate discount factor is consistent with the data.

2. Capital Asset Pricing Model

2.1. Theory

The CAPM was developed independently by Sharpe (1964), Lintner (1965)
and Mossin (1966) in the 1960°s, and it is closely related to portfolio selec-
tion theories. In particular, it can be regarded as the equilibrium version
of mean-variance analysis. An intuitive way to derive it is to assume that
each and every period each agent effectively decides the portfolio alloca-
tion of his current wealth by maximizing a derived utility function which

2 [, is also related to the equivalent martingale measure that allows us to write
the asset pricing expression without any risk adjustment, as if agents were risk
neutral.
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only depends on the conditional mean and varlance of next period returns
on his chosen portfolio, Rf = (1 — Z aj, ) Ro, + 2 aj,_ | Rj,, where af,
i=

jt>
G =1, 2,..N) are the proportions of his wealth 1nvested in each r1sky
N

asset and (1 — _ZI ak _ ) the proportion invested in the riskless asset. Import-

antly, we assume that there are no transaction costs or other impediments
to trade, and in particular, that af, _ is totally unrestricted, so that some
af, -1 could be negative if the agent decides to short-sell (i.e. borrow) the
J — th asset. Then the expccted return on the individual’s £ portfolio

will be vt = E, _, (R) = (1 -—Z aj,_l) v, + 2 a | Vi, and its variance

jts

o= V,_, (R = Z Z at, _ 1a],_ 1 O, where G,ﬂ cov, -, (Ry, Ry).

i=1j
Specifically, it is assumed that given their wealth, the agents problem can
be expressed as
max. V¢ —1/2 atct [3]

k

aj:~1

where 0f is a positive risk aversion parameter, which indicates that they
prefer a higher expected return for a given variance, but a lower variance
for a given expected return.

A crucial element of the CAPM is the market portfolio, a,, - ,, which costs
one unit and holds the risky assets in amounts proportional to their fixed
supplies. If we combine the first order conditions of the agents allocation
problem [3] with market clearing, it can be proved that the V X 1 vector
of risk premia must satisfy the cross-sectional restriction

Ll: = at 21 Apgy -1 [4]

where o, is 2 measure of aggregate risk aversion, and Y, the NV X N matrix
of variances and covariances of asset returns (}v.e. {X.}; = o). Given that

the return for the market portfolio is R,, = 2_. g~ 1 R;, the above ex-
presssion implies: 7T

“'Mt = al GMM[ [5]

where W, = E, _ | (r) and Ouyy, = V, -1 (Ryy,). This is the well-known
risk-return trade-off: higher expected returns for the market as a whole
can only be obtained if there is an increase in the risk (measured by the
variance) of the market. It allows us to interpret 0, as the market price
of risk, i.e. the number of units of expected value that we are willing to
give away to reduce variance by one unit.

Equation [4] also implies that for each asset (or portfolio of assets):
M, = O, cov,_ (Rju Ryp) (6]

This is an equilibrium condition. It says that the risk premium on an asset
is higher the higher the covariance of that asset with the market portfolio,
and the higher the price of risk. Notice that is covariance, not variance
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which determines risk premia, in this case the covariance with the market
portfolio. Importantly, the price of market risk, o,, is the same for all
assets. Comparing [6] with [1], it is clear that in the GAPM the stochastic
discount factor, {, is inversely proportional to the return of the market
portfolio (see also section 5 below).

This result can perhaps be better understood in terms of the following
argument. Let us define B, as the (theoretical) coefficient in the con-
ditional regression of (the unanticipated component of) returns for the
J-th asset, u; = r; — W, on (the unexpected component for) the market as
a whole, uy, = 73, — M- Thus, By = covey (4, ua)/ Viey (1) measures
the sensitivity of the return of the ji& asset to the market. Writing
u; as:

ujt = Bth Upg + sz [7]

we are able to decompose the conditional variance of 7, G;;, into the sum
of a systematic or market-risk component, B?M, Ouuys and a specific (or
unsystematic) risk element ®;, = V,_; (g;). Specific risk reflects those
unexpected events affecting a given asset (e.g. shares in some firm) which
are peculiar to it, or to closely related assets (e.g. shares in similar firms).
By contrast, systematic risk captures those economy-wide unexpected

events which threaten all assets.
Combining [5], [6] and [7], we get:

Ty = Bth Wary + Bth Wy t g (8]

which says that the risk premium of any asset is its market beta times the
risk premium for the market as a whole. Therefore, only the component of
risk which is correlated with the market portfolio is priced in the CAPM;
the variance of the specific component for the asset is not priced as it can
be diversified away completely. In this respect, high beta assets are highly
correlated with the market, and hence their riskiness, as measured by 0Oy,
is more difficult to diversify. As a consequence, their risk premia must be
higher. In contrast, a negative beta produces a negative risk premium due
to the fact that a security whose returns are inversely related to the market
portfolio acts as an insurance policy. Besides, we can have a very risky
security with risk premium that is (almost) zero if its returns are (almost)
uncorrelated with those of the market portfolio, i.e. if its beta is (almost) O.
Obviously, the riskless asset has a zero beta. However, the riskiness of the
market portfolio is undiversifiable. In this sense, the market portfolio has a
beta of 1.

If we now recall that the risk premium on the market portfolio is propor-
tional to its variance we have that

W, = BjMI O, Opan 9]

so for all assets (the absolute value of their) expected returns will be higher
the higher the average degree of risk aversion and the higher the volatility
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of the market portfolio. Under risk neutrality, o, = 0, and the risk premia
for all assets are zero. In this respect, it is important to mention that only
one risk neutral agent is required for all risk premia to be zero®.

Notice that since the mathematics of the mean-variance portfolio frontier
implies that W, = B, W,, where R, refers to any efficient portfolio other
than the riskless asset (see e.g. Huang and Litzenberger (1988)), at the end
of the day, the only restriction that the CAPM actually imposes is that the
market portfolio is mean-variance efficient, i.e. that given Gy, no other
combination of the risky assets produces a higher expected return.

2.2. Empirical Tests

Tests of the CAPM are problematic. The main critique is due to Roll
(1977). The problem is that the market portfolio includes many other
assets on top of tradable financial securities such as stocks and bonds; cru-
cially, it must also include claims on real assets, human capital, etc., that
are associated with some of the most important decisions taken by indi-
viduals during their lifetime, but for which little or no data is available. In
this sense, the CAPM is generally untestable unless strong assumptions are
made on the correlation between the observed market portfolio and the
true one*. However, Stambaugh (1982) found that traditional tests of the
CAPM were rather robust to expanding the market portfolio so as to
include not only stocks, but also bonds, real estate and consumer durables.
Nevertheless, some important investments, such as human capital, were
still excluded.

Given that the CAPM assumes that agents choose their portfolios based on
the conditional distribution of next period returns, another important
problem is whether the frequency of available observations coincides with the
length of investors’ planning horizon.

The other main problem is how to model changes in the betas over time.
Apart from tractability, some assumptions are necessary for the tests to be
meaningful. For example, consider the risk-return relationship for the market
as a whole, Ly, = O, G- If we do not restrict o, in some sense, this
expression becomes an identity. The usual assumption is that o, is con-
stant. In this respect, several methods have been proposed to estimate the
unobservable G,,y,. For example, Merton (1980) proposed using lagged
squared returns as a proxy for O,,. French, Schwert and Stambaugh
(1987) constructed proxies for monthly volatility as the variance of daily

* If of were 0 for some agent, he would take an infinite large position in the asset
with highest expected return and infinite short positions in all other assets. The
only possible equilibrium would then be p, = 0 Vj.

* Most of the literature implicitly assumes that our proxy has perfect correlation
with the true market portfolio. Kandel and Stambaugh (1987) and Shanken (1987)
consider tests of the CAPM conditional on some other specific assumption about
this correlation.
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returns over the month. Then they obtained G,,, by fitting ARIMA
models to this series to obtain the predictable components. Alternatively
one can use the GARCH-M model of Engle, Lilien and Robins (1987).
Other methods have been proposed, for example instrumental variables by
Campbell and Shiller (1988) or semi-parametric by Pagan and Ullah
(1988). The general finding is that the price of risk o is not very precisely
determined. Unfortunately, this could simply reflect the fact that o is not
constant over time.

However, the CAPM was mainly intended to price a cross-section of
assets. On this basis, Bollerslev, Engle and Wooldridge (1988) used excess
returns on three assets (a 6-month Thill, a long term bond and a stock) to
estimate a multivariate version of the ARCH-M model, r, = 0.2 ay,_ , + u,
where £, ;(w) =0and V,_, (x) = Z, They obtained sensible parameter
estimates but rejected some of the restrictions. An alternative way of
estimating the GAPM could be developed along the lines of Braun,
Nelson and Sunier (1990). They estimate a bivariate model for the returns
of the market and a portfolio, and model the different parameters as a
function of the information set. Unfortunately, the estimation of models
that take into account time variation in second conditional moments is
hampered by the large number of parameters involved. Hence only a
small number of assets can be considered without strong restrictions on 2,
(as in section 3).

But if we are only interested in testing the CAPM restrictions without es-
timating the model, the latent variable approach of Gibbons and Ferson
(1985) offers a possible way out. Assume for simplicity that B, is time-
invariant and that the risk premium for the market [, is a linear function
of some variables, z,., in the information set. From equation [8] we can
derive the testable implication that the coefficients in the regression of 7,
on z, , should be proportional across equations. In fact, we can easily
drop the assumption of linearity if we notice that the CAPM implies that
for any reference asset i, W, = (Bju/Bin) Wy for all j. Given a set of vari-
ables in the information set (i.e. instruments), z,_,, we can write this for-
mally as E [(r, — ¥ ) | z,-1] = 0, where ¥; = Bj,/Biy. Hansen’s (1982)
overidentifying restrictions test can then be used to check the validity of
the CAPM without specifying how W, depends on the 1nformat10n set (see
Ferson, Foerster and Keim (1993)).

The traditional way of estimating and testing the CAPM, however, is
based on the unconditional distribution of returns. However, such an
approach poses substantial interpretation difficulties, as conditional ver-
sions of the CAPM do not generally imply clear cut restrictions on the
unconditional moments (see e.g. Hansen and Richard (1987)). To avoid
these problems, for the remaining of this section we shall assume that asset
returns have constant conditional variances and covariances. The lack of
realism of this assumption is partly compensated in the empirical studies
by considering only short sample periods.
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The initial empirical tests were based on the idea that in the CAPM the
relative pricing of different assets is only determined by their betas. If we
knew the betas, test statistics could be straightforwardly calculated on the
basis of panel data-type regressions. Unfortunately, this is not the case. In
practice, the tests are carried out using a two-pass regression. In the first
pass, betas are estimated from a time-series regression of returns on the
market portfolio. The rationale for such a procedure comes from [8],
which can be re-written as the empirical market model

Ty = BjM gt g, [10]

where cov,_; (74, &;) = 0. This equation also allows us to obtain a measu-
re of unsystematic risk from the OLS residual variance. In the second step,
returns are cross-sectionally regressed on the estimated betas to obtain

expected returns.

Black, Jensen and Scholes (1972) used a modified version of this procedure
in which they cross-sectionally regressed the time-series average of the
asset returns on the estimated betas. Their results were apparently impres-
sive, because nearly 100% of the cross sectional variability in average
returns could be explained by the variability in the betas. However, there
are several problems with their procedure. The main one is that using es-
timates of betas as regressors induces what is essentially a generated
regressor version of the error in variables problem. It is particularly serious
if NV is large relative to the sample size, and does not go away as far as
inference is concerned even if the number of observations goes to infinity
while the number of assets remains fixed (see Shanken (1992a)). One way
to reduce it is to use portfolios rather than individual assets, preferably
consisting of assets with similar betas. Actually, Black, Jensen and Scholes
(1972) used beta-ranked portfolios, but since they used estimated betas to
form portfolios, they overestimated the betas of portfolios with high betas
and underestimated the betas of portfolios with low betas.

The Fama and MacBeth (1973) solution is to rank the assets according to
betas computed using an initial sample period, and recompute the betas
using another non-overlapping period’s data. Then they carried out the
cross-sectional regression using a third sample period. In particular, they
estimated

rﬂ=a,'+ b,ﬁp*‘fzﬁf"‘i&%*’%t [11]

where s} is the average of the OLS residual variance obtained from [10]
for all assets in portfolio p. According to the CAPM, a, = ¢, = d, = 0 and
b, = Wy In fact, they used a five year rolling procedure to recompute ﬁp
and s;. The hypothesis that they tested was whether the time-series aver-
age of the a,—s, ¢—s and d—s was zero. They accepted the last two but
find some evidence that the average a, was positive. However, they inter-
preted this rejection as evidence in favour of a version of the CAPM in
which lending at the risk-free rate is allowed, but borrowing is not.



THE ECONOMETRICS OF THE STOCK MARKET II: ASSET PRICING 429

From the econometric point of view, their estimates still suffer from a
errors in variables problem, although presumably smaller. More import-
antly, the g;,—s in [11] are contemporaneously correlated and heteroske-
dastic, so that a GLS procedure would be more appropriate, not only in
terms of efficiency, but mainly because OLS gives the wrong standard
errors. Besides, that ¢, or d, is zero on average is a very weak test of the
model.

These tests may also have low power for a different reason. Neither Black,
Jensen and Scholes (1972) nor Fama and Macbeth (1973) directly tested
the basic CAPM restriction that the market portfolio is mean-variance ef-
ficient. Such a direct test been recently proposed by Gibbons, Ross and
Shanken (1989) on the basis of equation [10]. If the CAPM is correct, this
expression should not include any intercept®. Hence, an obvious test of the
efficiency of the proxy for the market portfolio used can be obtained by
including a constant and seeing if it is zero for all assets. Gibbons, Ross
and Shanken (1989) and Shanken (1985) convincingly argue that if the dis-
tribution of the idiosyncratic risk components conditional on r,, is multiva-
riate normal with constant variance, the standard F test for multivariate
regression should be used. The reason is that such a test is more reliable
than the Wald, Likelihood Ratio or Lagragange Multiplier versions because
it has an exact finite sample distribution, both under the null and under
the alternative. This point is relevant even for large sample sizes if the
number of assets is close to the number of observations, since in that case
the asymptotic X? distribution of the other tests is not very reliable as a
finite sample approximation. Unfortunately, whether or not the distributio-
nal assumptions are correct is important because in some cases the £ dis-
tribution may no longer be reliable, even asymptotically. If so, a more
sensible approach would be to use a Wald test with a robust estimate of
the covariance matrix (see MacKinlay and Richardson (1991)).

Using the same data set as Black, Jensen and Scholes (1972), Gibbons,
Ross and Shanken could not reject that an equally-weighted portfolio was
ex-ante mean-variance efficient. However, their results were sensitive to
the period and index composition used. Besides, univariate ¢ statistics indi-
cated that the significance of the zero-intercept restriction changed sub-
stantially from some portfolios to others. In this respect, they found that
high-beta portfolios earned too little on average to be consistent with the
theory, and low beta portfolios too much.

Many other studies have found that other variables which in principle
should have no role in the CAPM are useful in explaining excess returns.
Examples are size, leverage, dividend yields, earnings-price ratios, book-to-
market ratios, or month of the year. This is true even after controlling for
beta (see Fama and French (1992, 1993) and the references therein). As
usual, these anomalies could be interpreted as a failure of market rationa-

5 Note that the regression intercept corresponds to Jensen’s alpha as defined in
performance measurement.
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lity or of the asset pricing model used. In this respect, there has been con-
siderable effort to try and explain these anomalies in terms of other asset
pricing models. The APT is one such theory.

3. Arbitrage Pricing Theory

3.1. Theory

The starting point of Ross’ (1976) APT is the assumption that the systema-
tic risk component of returns for the countable collection of existing assets
can be decomposed into the sum of the influences of some £ economy
wide sources of uncertainty. More explicitly, it is assumed that for all
N =1, 2,..., the vector of asset returns, Ry, is generated according to the
following conditional factor model of risk:

Ry, = vy t uy, = vy, + By ff + &y [123-]

where f; are the £ common risk influences or factors and gy, the idiosyn-
cratic risk components. Expanded for any asset, R;, [12a] becomes:

Rj =, + Bjuﬁz +..t Bjkzﬁ: + g [12b]

The (full column rank) matrix By, contains the factor loadings or betas,
which measure the sensitivity of the assets to the different sources of syste-
matic risk (l.e. {By}; = Bj. An important point to notice is that different
assets will usually have differing sensitivities to the common sources of risk.

The APT is generally vague about what the factors are; as far as the the-
ory is concerned, the only requirement is that they are pervasive, i.e. they
should affect most asset returns. In principle, they could be directly related
to observable macroeconomic shocks such as innovations in industrial pro-
duction or unanticipated inflation, or they could be left unspecified, in
which case they simply capture the undiversifiable cross-sectional correla-
tion of returns.

For convenience and without loss of generality, it is usually assumed that
the factors represent conditionally orthogonal influences, so that we
can understand PBj; as the conditional univariate regression coefficient
cov, -y (w, fi/ V.o (i) It is also often assumed that the idiosyncratic
terms for any two assets are uncorrelated, although this condition is stronger
than required. The specific factors can be mildly correlated if a law of
large numbers still applies cross-sectionally (see Chamberlain and
Rothschild (1983)). Again, by construction the idiosyncratic or asset-speci-
fic noises, €y,, are uncorrelated with the factors. We shall call A, the dia-
gonal covariance matrix of the factors, and (), the covariance matrix of
the idiosyncratic terms.

In order to derive the asset pricing restrictions implied by the APT in an
intuitive manner, let us define arbitrage portfolios as those which involve
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zero net wealth That is, if we call ay; the amount of asset j in such a port-
folio, then Z ay = ay ¢ Iy = 0, where [/, is a vector of N ones. Let us now

construct (a sequence of) arbitrage portfolios that do not contain any syste-
matic risk by choosing their weights so that ay By, = 0. If we also choose
these arbitrage portfolios to be well diversified (a aﬁ—>0 so that @ = o (1/N)),
then, by the law of large numbers V,_, (ay &y,) = ay Qy, ay wﬂl tend to zero
as the number of assets goes to infinity. The reason is that ay €y, is a
(weighted) average of the g;,-s which are assumed to be only mildly
correlated. As a consequence, the gross returns for such portfolios will be
ayRy, = ay Vy, + ay By f, + ay &y, = ay Vy, since they contain no
systematic risk, and (almost) no unsystematic risk either. These portfolios
are then (almost) safe assets since their returns have (almost) no risk at all.
But since these arbitrage «riskless» portfolios cost nothing, an arbitrage
argument implies that in equilibrium their returns must also be (almost)
zero, i.e. ay Vy, = 0. Otherwise it would be possible to make enormous
amounts of money: for instance, if ay Vv, were significantly greater than
zero, we could obtain positive safe returns by holding this asset at zero cost.

The above derivation is valid for any well diversified (sequence of) portfo-
lios satisfying ay [Iy | By.]= 0. But then, the condition ay vy, = 0 implies
that the vector of expected returns, Vy,. must be (almost) a linear combina-
tion of the columns of the matrix [l v 1 By,]. That is:

Vy = Iymy + By, T, [13a]
or
V' = no: + nltBll+ .+ TCk, Bjkl [13b]

Strictly speaking, the APT only provides an approximate pricing theory.
In this respect, it can be proved that the (cross-sectional) average of the
(squared) pricing errors resulting from the difference between the left and
right hand sides of [13] is negligible. This does not mean, though, that all
pricing errors will be small, which clearly complicates inference procedures
(see Reisman (1992) or Shanken (1982, 1992)). To avoid such problems,
we shall assume in what follows that an equilibrium version of the APT
holds so that the pricing errors dissapear. A necessary and sufficient condi-
tion for exact APT pricing is that the implicit stochastic discount factor,
€., is well diversified (see e.g. Chamberlain (1983)).

Given that for the riskless asset, Ry, By, = 0 for ¢ = 1,.,k, the exact version
of [13] implies that vy, = T, which finally allows us to write the cross-
equation pricing restriction implied by the equilibrium version of the APT:

Wy = Vo = 1y Vo, = By T, [14a]
or
Wy =Ty Py +...+ T B [14b]

That is, the risk premium for any asset is a linear combination of its betas
with weights that are common to all assets.
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One way to interpret T, is to consider £ sequences of portfolios, fE = Ay, 1
whose weights tend to satisfy Ay, By, = 1, as the number of assets, N, in-
creases. These are factor mimicking portfolios because in the lmit they will
have a unit loading on one factor and zero loadings on the others. Then, it
is not difficult to see that E,_, (/&) converges to T, so that T, can be understood
as the risk premium of the i-# (limiting) factor representing portfolio. From
this viewpoint, the APT says that the risk premium on an asset is a linear
combination of the risk premia associated with the factors, with weights
given by the sensitivities of that asset to the factors.

Combining equation and we can write the model for returns as:

e = BM (ﬁ + ﬂ:t) + &m T BM.er + Em [15]
where f¥ are the returns on the (limiting) factor representing portfolios.

It is also possible to write for the APT an expression analogous to [6] for
the CAPM. From the definition of B;, we can re-write [14b] as:

W, = Ty, €00y (7, fu) T Ty C00y (Tits Sie) [16]

where T, = %, / Ay @ = 1,.,k. Given that m;, can be understood as the
risk premia associated with factor ¢, and A, is the corresponding variance,
we can interpret T, as the «price of risk» for this factor, i.e. the amount of
expected return that agents are willing to give away to reduce its variabi-
lity by one unit. Equation [16] then says that risk premia is a linear com-
bination of the covariances of asset returns with the factors weighted by
the corresponding «prices of risk». Importantly, the risk prices depend on
the factors, not on the assets. Again, what is priced in the APT is cova-
riance, not variance. In this case, the relevant measure is covariance with
the (orthogonal) systematic risk components, which are undiversifiable.
Once more, idiosyncratic variance, @, is not priced.

Notice also the similarity of [15] with equation [10] for the traditional
CAPM. As a matter of fact, if £ = | and the factor representing portfolio
were actually the market portfolio [15], would reduce to [10]. However,
the CAPM is not necessarily a one factor model. As a matter of fact, the
equilibrium version of the APT is also compatible with the CAPM under
more general circumstances. To see why, let us assume that the market
portfolio is well-diversified. This assumption implies that effectively, the
different asset returns are correlated with the market only through the
common factors. Specifically,

60U, (Tju Th) = let BMu Ay ot Bjkt BMI:[ M

According to the CAPM, the risk premium for an asset is o, cov,_\ (7, 7a1)s
while according to the equilibrium version of the APT, W, = B, T), Ay,
+...+ By Tu Ay Hence, both expressions are equal if and only if the pri-
ces of risk for each factor satisfy the restriction T, = @, B,;. Intuitively,
this restriction says that in the CAPM, the factors are only priced through

their influence on the market portfolio. It is important to emphasize,
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though, that the CAPM pricing restrictions are robust to the crucial
assumption in the APT that returns follow a conditional factor structure.

3.2. Empirical lests

Since in the above derivation the factors did not have to be specified, the
APT is in principle very general. In this respect, an advantage of the APT
over the CAPM is that it is not necessary to have data on all available
assets to estimate it, because the market portfolio does not play any signifi-
cant role. On the other hand, we must have the right number of factors,
and if these are prespecified, they must be correctly so.

For a fixed number of assets, tests for the number of factors can be easily
obtained given that the exact factor structure imposes overidentifying res-
trictions on the covariance matrix of returns (see e.g. Roll and Ross
(1980)). However, it seems that more factors are required as the number of
assets increases (see e.g. Dhrymes, Friend and Gultekin (1984)). This find-
ing is confirmed by Luedecke (1984) using an alternative testing procedu-
re. However, the results of both papers could be due to the fact that the
reliability of the asymptotic distribution of such tests is poor for large N
relative to 7. This is an open question, and no consensus view on the
number of factors exists as yet.

Once more, time variation is the betas is an important practical problem,
but again, without any restrictions on their variability, the APT is untest-
able. In this respect, Engle, Ng and Rothschild (1990) and King, Sentana
and Wadhwani (1993) have recently estimated conditional versions of the
APT under the assumption that for an appropriate choice of (conditionally
orthogonal) factors, betas and prices of risk are constant over time. The
former look at holding returns for eight short term US T-bill (between 2
and 12 months) together with aggregate returns for the New York stock
market; the latter at stock returns for sixteen national stock markets
around the world. Notice that the assumption on the prices of risk implies
that the risk premia associated with each factor is a proportional to its
variance, A,, with a constant of proportionality that does not change over
time. Equation [14] can then be written as:

My = By A, T [17a]
or
L =T A By +. Ty Ay Bjk [17b]

Both studies model the conditional variances of the common factors accord-
ing to GARCH processes. The main difference is in the factor specification.
Engle, Ng and Rothschild (1990) pre-specify two factors: one is an equally-
weighted portfolio of bond returns, the other the stock market. These
authors find that idiosyncratic variance is not priced, as indicated by the
theory. Nevertheless, they find that lagged values of the spread between
short and long term bonds help predict returns. King, Sentana and
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Wadhwani (1993) considered both observable factors related to the
innovations in macroeconomic variables, and unobservable factors, internal
to the returns process. In addition to testing whether idiosyncratic variance
is priced, they also test the APT cross-equation rectriction that the price of
risk coefficients T should be the same for all countries. In both instances,
they reject. One way of interpreting their results is as evidence against
international stock market integration. They also find that the observable
factors only have a small, but significant, explanatory role.

As in the CAPM, the traditional way of testing the APT is based on the
unconditional distribution of returns. Since this may be once more rather
problematic, we shall assume again that the conditional covariance matrix
of returns is constant over time. Then, if we choose V,_, (f,) =1, without
loss of generality, [17] reduces to:

Wy = Dy T

or

=170 +...+ 1 Bjk

Roll and Ross (1980) estimated B using factor analytic techniques. Having
obtained these estimates, for every period, they cross-sectionally regressed 7,
on B,..., B, to obtain the coefficients T,,,..., T,. In this respect, a GLS esti-
mator was employed to take into account the (cross-sectional) correlation
and heteroskedasticity in the residuals. Then they tested whether the (time-
series) average of T, is 0. To reduce the errors in variables problem, they
used portfolios, rather than individual assets. They also tested whether
idiosyncratic variance is priced. Overall, their results were encouraging.

If we knew the (limiting) factor representing portfolios, equation [15] will
provide an obvious alternative way of testing the APT by checking that
the regression intercept is indeed zero. In general, though, f* is not
directly observed, only some finite sample counterparts. Lehmann and
Modest (1988) carry out such regression tests using several alternative fac-
tor representing portfolios computed from a large cross-section of assets.
They find that like the CAPM, the APT cannot explain the size effect.
However, they claim that it can account for the dividend yield anomaly.
Connor and Korajczyk (1988) perform very similar tests using asymptotic
principal components as factor mimicking portfolios. These factor repre-
senting portfolios are particularly easy to compute when M is much larger
than 7. Their results suggest that the APT does a better job than the
CAPM of explaining the January seasonality in excess returns, but a worse
Jjob of explaining the size effect. More recently, Mei (1993) has proposed
an alternative semiautoregressive approach to estimate the factors. His
resuls confirm that the APT describes returns better than the CAPM, but
that there is still some misspricing left.

Chen, Roll and Ross (1986) took a different route and fully specified the
factors. In particular, they used four factors given by the innovations in
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the spread between a long-term yield and a short interest rate, the rate of
inflation, the spread between yields on low grade corporate bonds and
treasury bills and the growth in industrial production. Their results were
also encouraging.

Most other CAPM tests that we discussed in section 2.3. can be easily
adapted to the APT. For instance, the Gibbons, Ross and Shanken (1989)
procedure can also be applied if we use as regressors some factor represent-
ing portfolios, /£, and test the joint significance of the intercepts. More
recently, Ferson and Harvey (1991) have estimated an APT-type model by
two-pass regression procedures. In the first step, they compute the betas by
rolling regressions of asset returns on observed economic variables. Then,
they do cross-sectional regressions to estimate the prices of risk for the follo-
wing observation. They investigate whether the predictability found in stock
returns under the assumption of constant expected returns can be explained
by changes in betas and risk premia for the factors. Their results suggest
that the latter accounts for a significant proportion of the predictability.

In general, the APT seems to do a better job than the CAPM in explain-
ing the differences in risk premia across-assets. Unfortunately, it is not a
full success. Besides, the APT vagueness about what the factors are is a
somewhat undesirable property, since as economists, we would like to rela-
te stock returns more closely to the real economy.

4. Consumption Capital Asset Pricing Model
4.1. Theory

From an economist’s point of view, the Concumption CAPM is the most
natural asset pricing theory. It is perhaps surprising that it was the last one
to be derived (see Breeden (1979), Lucas (1978) or Rubinstein (1976)). The
starting point is an individual who cares about consumption not only
today but also in the future, and who chooses today’s consumption level,
¢:-1, and the proportions of his savings invested in each asset, a}‘,_l Gg=1,
2,...N) by maximizing his lifetime expected utility function U,.; (¢f_,, ¢},
vy Gy = By [Viey, (b, o, ¢by,...)] subject to an intertemporal
budgetary restriction. Specifically, agent £’s programme is:

max Et—l [V—l: (Cf—-l: Cf:"': L‘f+1,...)]
k k
Ci-15 @i

subject to the intertemporal budget constraint a
k k k k k k X k & k
wi = (- — ¢, Ry = (wio, — ) [(1 *j; ajt—l) Ry, +j§l aj— Ryt]
where w!_| is his wealth at the end of period ¢ — 1 when decisions are

taken, (wf_, — ¢*_)) his net savings, and R} the overall return on his invest-
ment.
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The main reason for investing in a risky asset now and deferring today’s
consumption is to transfer part of that purchasing power to the future and
consume more tomorrow. In this context, we can consider the following
variational argument. At the optimum, if we save a unit of consumption
today, invest it in the j-fk asset and consume the asset payoffs tomorrow, it
must be the case that the marginal utility of foregone consumption must be
equal to the expected gain from consuming the proceeds next period. Under
the assumption of additive intertemporal separability, we must have that:

OVei/ ey = Epy (Rjt aV:—l/afz) [18]

This is the so-called stochastic Euler equation. Defining S, = de¢,_,/de, =
(dV,_,/9¢) / (0V,-/0c,-,) as the marginal rate of intertemporal substitution
in consumption between ¢—1 and ¢, the Euler equation implies:

B R S)=1 (19]

which says that the expected value of the product of the marginal rate of
substitution in consumption and the gross return must be equal to 1 for
every asset and for every time period®.

S, can then be identified as the stochastic discount factor, {,. The intuition
is very simple if we go back to the Arrow-Debreu world. Standard micro
theory says that the equilibrium price of a contingent claim in terms of the
numeraire good should be the common marginal rate of substitution be-
tween such claim and the numeraire.

Once more, we get:
l‘l‘jt - _Rm o2/ (le> St) [20]

That is, the risk premium on an asset is proportional to the covariance
between that asset and the marginal rate of substitution in consumption.
This is an equilibrium condition similar to [6] for the CAPM and [16] for
the APT. Under the implicit assumption that 0V,/d¢, declines with con-
sumption, S, will be lower (higher) than expected if ¢, is higher (lower) than
expected. Hence if asset j tends to do well when times are good (i.e. when
consumption is high so §, is low), then §, and R; are negatively correlated.
The risk premium will have to be positive to convince an individual to
hold an asset like that. On the other hand, if an asset pays handsomely in
bad times (i.e. when consumption is low so §, is high), S, and R, are positi-
vely correlated, and the risk premium will be negative. The idea is that
such an asset acts like an insurance policy for bad times and agents are
willing to pay for it. Although perhaps a bit surprising at first sight, this
derives from the fact that the only risk which is priced is that related to
covariances, not variances. For example, if there were a very volatile asset
whose payoffs were nevertheless (almost) independent of whether times are

¢ By the law of iterated expectations, this relationship is also true unconditionally,
ie. E (R, §) = 1, and hence it is independent of each consumer’s information in
this unconditional sense.
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bad or good, i.e. ¢z, (By, S) = 0, then W, = 0, despite the fact that this
asset returns would show great variability. The intuition is that (almost) all
its risk would be specific and could be diversified away completely.

4.2. Empirical tests

The best known tests of the CCAPM were performed by Hansen and
Singleton (1983). They assumed that the representative agent’s utility func-
tion was of the Constant Relative Risk Aversion (or isoelastic) type:

2, P9 (=917, for g%
II‘“‘ (clk*l) ctlc)"~) cgk.;-i,...) = [21]
jg,o p~loge,,,; for @=1

Such a functional form is not only analytically very convenient, but also its
parameters p and ¢ can be given a direct economic interpretation. p is the
rate of time-preference or discount factor: a large p indicates that
consumers value consumption today much more than tomorrow. ¢ plays a
double role: @ is the coefficient of relative risk aversion, ¢! the
intertemporal elasticity of substitution in consumption between period {—1
and ¢ (i.e. ' = 0E_, (Alogc) / dlogR ). If ¢ is 0, agents are risk neutral,
i.e. they are indifferent at risk. Otherwise, for positive @, the larger this
parameter is, the more they dislike taking on risks. On the other hand, a
small ¢! means that consumers prefer to have a smooth consumption
pattern during their lives; a large one, that they don’t mind large changes
in life-style from one period to the next.

For this particular utility function, we can write the Euler equation as

E R (c/c.)*] =p [22]

Assuming that ¢/¢,_,and R, are jointly log-normally distributed and homo-
skedastic (given I_)), log R, —¢ Aloge, will be normally distributed with
mean E,_, (log R,)—Q E,_, (/Alogﬂ,), and variance ¢?C, + O5 — 200;,, where
O Oy are the (time-invariant) variances of consumption growth and log R,
respectively, and O, their covariance. The Euler equation then implies
that E_, (log R,)—0 E_, (Aloge) + 1/2 (¢*0. + G; — 200;) = logp. As a

consequence,
E_ (log R,) = [@ E_, (Alogs) + logp — 0.5¢%. ] + [90; — 0.50;]  [23]

Notice that the first three terms of this equation are the same for all assets.
In fact, they are equal to the (log) safe interest rate:

" log R, = QE_, (Alogc) + logp — 0.5¢%c,, [24]

as Ogp = Op = 0. This is the inverse relationship to the intertemporal con-
sumption models which make Alog¢, a function of the interest rate. It says
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that the risk free rate is higher the smaller the degree of intertemporal
substitution (i.e. the smaller @' is), and the more agents prefer consump-
tion today relative to tomorrow’s (i.e. the higher p is). Besides, if expected
growth in consumption is high so that tomorrow should bring good times,
then the incentive to save has to be higher.

But all this tells us nothing about risk premia, only about savings and
intertemporal substitution. If we subtract [24] from [23] we get:

E_, (log RB,) — log R,, = ¢0;: — 0.50; [25]

which is the same as [4] except for the term — 0.50; arising from working
in logs, rather than in levels. As [20] before, [25] simply says that risk pre-
mia are higher the higher the covariance between consumption growth
and returns, and the higher the degree of risk aversion. In the special case
of risk neutrality, @ = 0, risk premia are zero and all expected returns are
equal to the discount factor p.

In order to estimate [23] by maximum likelihood, Hansen and Singleton
(1983) specified E,_| (Alogc) as a function of variables known at ¢—1. Their
results essentially rejected the cross-asset restrictions on the coefficient of
Aloge,, although the point estimates were reasonably sensible.

Hansen and Singleton (1982) used a different approach. Instead of assum-
ing any distribution for consumption and asset returns, they exploited the
moment restrictions implicit in the Euler equation:

E [P @/e)? Ry~ 11 =0 [26]

-

by means of Hansen’s (1982) Generalized Method of Moments estimator.
Again, they rejected the overidentifying restrictions.

The intuitive reason for the rejection (see Mehra and Prescott (1985)) is
that while aggregate consumption is very smooth, asset returns are highly
volatile and their covariances with consumption growth then to be small.
Of course, the rejection could also be due to misspecification of the utility
function, and in particular, to the inadequacy of the assumption of addi-
tive intertemporal separability. Recently, there has been some work using
more general utility functions that drop such an assumption (sec e.g. the
habit formation model of Constantinides (1990), or the non-expected
recursive utility framework of Epstein and Zin (1989, 1991) discussed in
section 3), but the more recent empirical results do not seem to fully
explain the data. Alternatively, the rejections may well be due to data
problems (sec e.g. Breeden, Gibbons and Litzenberger (1989)). For instance,
consumption is measured with error, it is time-aggregated and/or time-
deformed, consumption of assct market participants may be poorly proxied
by aggregate consumption if some agents are liquidity constraint, etc. For
this reasons there have been attempts to substitute consumption data and
use only data on returns, i.c. to internalise the Consumption CAPM (see

Campbell (1993)).
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Recently, an alternative, nonparametric approach to testing the CCAPM
(or indeed any other asset pricing model) has been proposed by Hansen
and Jagannathan (1991). On the basis of asset market data and without
reference to any specification of preferences, they construct mean-variance
bounds for potential stochastic discount factors, {,, in the following way.
We saw in section 1 that {; =/ (£, + v, v,)" R, will correctly price all the
assets in R, by construction. That is, E., ({; R) = 1. But since the «true»
stochastic discount factor {, also prices the assets correctly by assumption,
it must be the case that E,, [({, — ;) R] = 0. This means that {; is the
fitted value from the regression of {, on R,. If R, includes a conditionally
safe asset, we will have from least squares theory that E,, ({) = E., (C))
and V., (§) = V., (€)). Hence, the set of first two moments for §, compati-
ble with the data is a half-line in mean-variance space starting at 1/R,,
V.. (C). If Ry, is not observed, we can still draw the boundary region for
many potential values of Ry, (see Hansen and Jagannathan (1991) for
details).

The adequateness of alternative parametrized versions of the GCAPM (or
indeed any other empirically orientated asset pricing model) can then be
judged by checking whether the first two (conditional) moments of their
implied {,—s lie within the bounds. The results in Gallant, Hansen and
Tauchen (1990), Hansen and Jagannathan (1991) and Cochrane and
Hansen (1992) cast some doubts on the class of preferences generally con-
sidered in the literature.

5. Nesting the CAPM and GCAPM

Although the traditional and consumption versions of the CAPM are
apparently very different, they coincide under the assumption of logarith-
mic risk preferences. The intuition is that since consumption is a constant
fraction of wealth in this case, S, = ¢.,/pc, is equal to the reciprocal of
wt/(wh, — ¢)) = R}, the return on the portfolio of the representative indi-
vidual, i.e. the «market» portfolio. This confirms that in the CAPM the
stochastic discount factor is inversely related to the market return.
Straightforward manipulations then imply that:

E,_, (log Rﬂ) —log R, = — 0.50; + O [27]

so that the market price of risk is one.

Actually, it is possible to nest both the CAPM and the Consumption
CAPM by dropping the assumption of expected utility along the lines of
Epstein and Zin (1989, 1991). They separate risk aversion and intertem-
poral substitution by assuming that the representative agent’s intertemporal
allocation problem can be reduced to the riskless selection between today’s
consumption and the certainty cquivalent of future consumption utility.
While risk preferences regulatc how certainty cquivalents are obtained,
intertemporal substitution parameters determine dynamic choice.
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They define the representative agent’s objective function recursively as:

_1_
- -1/ ll/
Us = {1 —5) e ™5 ES @

where is again the rate of time-preference or discount factor, and @ the
coefficient of relative risk aversion. In contrast, Y now denotes the inter-
temporal elasticity of substitution in consumption between period ¢—1 and
t, which is no longer necessarily equal to ¢~'. However, if @ = 7', we go
back to the time-separable power utility function in [21].

If we define 6 = (1 — @)/(1 — 1/v), the Euler equation is in this case:
E AP~ e/ c)™M° Ry Ry} =1
which for the market portfolio reduces to:

E_, {[p_] (c/ )™ RMz]e} =1

where 6 can be either positive or negative. Assuming that (given I_,) ¢,
Ry, and R, are log-normally distributed and homoskedastic, a similar argu-
ment to that in Hansen and Singleton (1983) leads to:

E,, (log R,) = Blogp + 6/7E,-, (Aloge,) + (1 — ) E,_, (logR,) —
0.5[(8/v’c,, + (0—1)°Cy, + 0; — 20/y (0—1) Oy — 20/¥0,+ 2 (0—1) 0,,]

Subtracting the corresponding equation for the riskless asset we finally
obtain:

E_, (log B,) — logR, = —0.5 0; + 6/y0;,+ (1 — 6) 5

This expression is a generalization of both [25] and [27]. Again, if the
utility function is logarithmic, then 6 = 0, and we obtain the static CAPM
with constant risk premia in [27]. In general, the covariance with both
consumption and the market are important in determining risk premia.

Although the empirical results obtained with this model clearly indicate its
superiority over the expected utility framework, unfortunately, they do not
show unequivocal success in explaining risk premia.

6. Conclusions

In this paper, we have reviewed the theory and empirical work related to
three of the most common empirically orientated asset pricing theories
currently in use: the consumption and traditional versions of the Capital
Asset Pricing Model, and the Arbitrage Pricing Theory. Our goal has been
to stress the similarities rather than the differences of these theories. The
unifying theme is that all asset prices should be equal to the conditional
expected value of the product of their uncertain payoffs and a common
stochastic discount factor. In the CCAPM, the stochastic discount factor is
the intertemporal marginal rate of substitution in consumption for the
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representative agent; in the CAPM, the reciprocal of the return on the
market portfolio; in the exact version of the APT, a well diversified portfo-
lio containing only factor risk. From the above fundamental valuation rule,
it follows that the risk premium on an asset is proportional to its undiversi-
fiable risk component, and hence, that diversifiable risk should not be priced.
Undiversifiable risk is measured by the covariance of the asset at hand
with economy wide risks. Again different asset pricing theories have diffe-
rent proxies for those common risks.

The empirical success of these theories is mixed, but undoubtedly higher
for those theories that explain expected returns in terms of other assets
expected returns. By and large, attempts to explain returns in terms of
«macroeconomic» variables have not been very successful. Nevertheless,
there are still several asset pricing anomalies to be explained.

In the late eighties it was hoped that one could explain these anomalies by
using conditioning information to allow for time variation in risk and
expected return. Unfortunately, empirical attempts to link time-varying
volatility and changing risk premia have been somewhat disappointing so
far. However, there is yet a lot to learn about the empirical properties of
stock prices, especially at the level of individual firms, and the relationship
between their cross-sectional structure and time series behaviour. Not sur-
prisingly, the most recent empirical research is moving along these direc-
tions.

There is also a substantial amount of theoretical research currently going
on in relaxing some of the maintained assumptions of the standard the-
ories. Heterogeneously informed agents, incomplete markets or market
frictions, are some of the directions in which theoretical asset pricing is

moving. The empirical testing of such new theories will not lag much
behind.
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Resumen

Este trabajo analiza tres modelos de valoracién de activos con una orientacién empi-
rica: el CAPM tradicional y el de consumo, y el APT. Los tres implican que los pre-
cios de los activos son el valor esperado de sus pagos multiplicados por una tasa esto-
castica comin de descuento. De este modo, la prima de riesgo de un activo seria
proporcional a su covarianza con riesgos comunes a la economia y al riesgo diversifi-
cable no seria retribuido.

Las teorias son normalmente contrastadas comprobando si las rentabilidades descon-
tadas apropiadamente son cero de media para varios activos simultineamente.
Empiricamente, el éxito es mayor para aquellas que explican las rentabilidades en
términos de otros activos en vez de usando variables macroecondémicas. Sin embargo,
existen diversas anomalias por explicar.
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