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IN ECONOMIES WITH INCREASING RETURNS
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The purpose of this paper is to offer an exposition of the resulls on the exisience and optimality of equi-
libria when production sets are not assumed to be convex, in a general equilibrium_framework. We aim at
providing a formal and systematic account of the main results available, rather than survey the literature.
Besides presenting an abstract model, where firms® behaviour is described by general pricing rules, we
analyze the family of Loss-free Pricing Rules, and the Marginal Pricing Rule and other regulation
policies. Then we discuss the ¢fficiency problem, referring to both the first and second welfare theorems.

1. Introduction

The standard Arrow-Debreu-McKenzie general equilibrium model of a
competitive economy, provides a basic tool for the understanding of the
functioning of competitive markets. It allows us to give a positive answer to the
old question concerning the capability of prices and markets to coordinate
economic activity in a decentralized framework. This model shows that,
under a set of well specified assumptions, markets are in themselves suffi-
cient institutions for the efficient allocation of resources. This may be called
the Invisible Hand Theorem, and summarizes the most relevant features of
competitive markets: the equilibria constitute a nonempty subset of the set of
efficient allocations.

The existence of a competitive equilibrium is usually obtained by applying a
fixed point argument. The strategy of the proof consists of identifying the set
of competitive equilibria with the set of fixed points of a suitable mapping,
and making use of Kakutani’s fixed point theorem. For this approach to
work, one has to be able to ensure that the set of attainable allocations of
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the economy is nonempty and bounded, and that the excess demand map-
ping is an upper hemicontinuous correspondence, with nonempty, closed
and convex values. The convexity of preferences and of consumption and
production sets allows one to obtain an excess demand mapping with such
properties, when agents behave as payoff maximizers at given prices.

On the other hand, the gfficiency of competitive equilibria is derived from two
basic features. The first one refers again to the fact that agents behave as
payoff maximizers at given prices, so that each agent equates her marginal
rates of transformation to the relative prices (and hence, in equilibrium, they
become equal for all agents and all commodities). The second one is that each
variable affecting the payoff function of an individual has associated with i a price, and
belongs to her choice set (so that prices turn out to be sufficient information,
enabling the exploitation of all benefits derived from production and exchange).
The equalization of prices and marginal rates of transformation is a necessary
condition for optimality, which under the assumption of convex preferences
and choice sets (and complete markets) turns out to be sufficient as well.

Implicit in both results is the hypothesis of well informed decision makers.
Thus, price-taking behaviour, perfect information, complete markets and
quasi-concave payoff functions defined over convex choice sets are the key
elements for the Invisible Hand Theorem to hold. This in turn points out
that there are many relevant instances in which this Theorem does not
work, either because competitive equilibria do not belong to the set of effi-
cient allocations, or because they simply do not exist (externalities, asymme-
tric information, oligopolistic competition, etc.). The presence of increasing
returns to scale (or more general forms of non-convex technologies) is a case
in point.

The convexity of production sets can be derived from the combination of
two primitive hypotheses: Additivity and Divisibility. The additivity assumption
says that if two production plans are technologically feasible, a new produc-
tion plan consisting of the sum of these two will also be possible. Divisibility
says that if a production plan is feasible, then any production plan consisting
of a reduction in the scale of the former will also be feasible (non-decreasing
returns to scale). When these hypotheses hold, production sets turn out to be
convex cones. While the additivity assumption seems hard to reject on eco-
nomic or engineering grounds!, the divisibility assumption is much more
debatable, both theoretical and empirically. Hence the main sources of non-

!Even though the theory allows for general convex sets, it is difficult to explain the
lack of additivity. In some cases it is atiributed to the existence of some limitation of
inputs. But this cannot be part of the technological description of the economy, once
all commodities are taken into account. Furthermore, allowing for some input
restrictions in the description of production sets implies that we are admitting the
existence of a procedure of allocating such scarce inputs, outside the market
mechanism; in this case the first welfare theorem cannot be applied (it would be
possible that a different allocation of these scarce inputs would result in a Pareto
superior state).
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convexities in production can be related to a failure in the divisibility
assumption, that is, to the presence of indiisibilities, fixed costs or increasing
returns to scale [see Mas-Colell (1987 IV-VI) and Guesnerie (1990, 5.1.) for a
brief discussion concerning the origin and classes of nonconvexities].

General equilibrium models face serious difficulties in the presence of non-
convex technologies, when there are finitely many firms and non-convexities
are not negligible. Such difficultes are both analytical and theoretical and
have mainly to do with the fact that the supply correspondence may not be
convex-valued or even defined, so that the existence of equilibrium will typi-
cally fail. Hence, alternative techniques of analysis and different equilibrium
concepts must be applied. In particular, profit maximizing behaviour at
given prices and increasing returns turn out to be incompatible with the pre-
sence of active firms (since, in this case, the supply mapping will not be defi-
ned for non-zero outputs). This implies that, if we want to analyze a general
equilibrium model allowing for non-convex technologies, we must permit the
Sirms to follow more general rules of behaviour, and suitably re-define the equilibrium
notion. This will, however, imply that the identification between equilibrium and
optimum will no longer hold (the Invisible Hand Theorem now splits into two
halves). Thus the existence of equilibria under nonconvex technologies, and
the analysis of their optimality properties become now two very different
questions.

The modern approach to these problems consists of building up a general
equilibrium model which constitutes a genuine extension of the standard one.
For that, an equilibrium for the economy is understood as a price vector, a
list of consumption allocations, and a list of production plans such that: a) the
consumers maximize their preferences subject to their budget constraints; &)
each individual firm is in «equilibrium» at those prices and production plans;
and ¢) the markets for all goods clear. It is the nature of the equilibrium con-
dition &) which establishes the difference with respect to the Walrasian model.
The central question now becomes the following: How fo model the behaviour of
non-convex firms (according to relevant positive and/or normative criteria), in
such a way that an equilibrium existence theorem applies.

A very general and powerful way of dealing with this question consists of
associating the equilibrium of firms with the notion of a Pricing Rule, rather
than to that of a supply correspondence. A Pricing Rule is a mapping rom
each firm’s set of efficient production plans to the price space. The graph of
such a mapping describes the prices-production pairs which a firm finds
«acceptable» (a pricing rule may be thought of as the inverse mapping of a
generalized «supply correspondence»). The advantage of formulating the
problem in this way is twofold: 1) The notion of a Pricing rule is an abstract
construct which permits one to model different types ‘of behaviour, and thus
to analyze situations where profit maximization is not applicable. 2) These
mappings may be upper hemicontinuous and convex-valued, even when the
supply correspondence is not so, making ti possible to use a fixed point
argument (on the «inverse supply» mapping), in order to get the existence of
an equilibrium.
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As for the ways of modelling the behaviour of non-convex firms in terms of
pricing rules, let us point out that both positive and normative approaches are
possible. Positive Models intend to describe plausible behaviour of firms in the
context of unregulated markets, while Normative Models typically associate non-
convex firms with public utilities (which may be privately owned but
regulated). Models within the first category include Constrained Profit
Maximization (i.e., situations where firms maximize profits in the presence of
some type of quantity constraint), and Average Cost (or more generally, Mark-
up) Pricing. Normative models concentrate over two main pricing rules:
Marginal (cost) Pricing, and Regulation under Break-Even Constraints
(including the case of two-part tariffs, which may satisfy both criteria). These
pricing rules constitute attempts at getting First and Second Best Efficient
equilibria. We elaborate on all this later on.

The purpose of this paper is to offer an exposition of the results on the existence
and optimality of equilibria when production sets are not assumed to be
convex, in a general equilibrium framework. We aim at providing a formal
and systematic account of the main results available, rather than to survey the
literature. There is a number of papers which survey the recent literature on
this area. Among them let us mention the following: Mas-Colell (1987)
contains a simplified exposition of the problems and lines of research related
to equilibrium models with increasing returns. Cornet (1988) provides a short
review to general equilibrium with non-convex technologies, following the
Pricing Rule approach; his paper is an Introduction to the special issue of the
Journal of Mathematical Economics where many of the recent contributions
appear. Dehez (1988) and Brown (1991) are much more comprehensive
papers, well articulated and informative. Dehez’s paper focuses more on
interpretative issues, while Brown’s work contains a very good systematization
of the analytical underpinnings of these models. Guesnerie (1990) and Quinzii
(1992) provide illuminating discussions of the normative aspects of the topic.
Sharkey (1989) surveys the problem from a game theoretic viewpoint.

The paper is organized as follows. Section 2 contains the base-model and
states an existence result for general pricing rules. Sections 3 and 4 are
devoted to presenting a series of equilibrium models which are particular
cases of the one developed in Section 2. These specific models illustrate the
flexibility of the pricing rule approach for the analysis of general equili-
brium, and add some flesh to that abstract framework. Section 3 refers to
the family of Loss-free Pricing Rules (those in which the equilibrium of firms
involves nonnegative profits), focusing on two main categories: Profit
Maximization (constrained or unconstrained), and Average Cost Pricing. We
shall emphasize here the positive approach. Then Section 4 concentrates on
the Marginal Pricing Rule (a pricing rule satisfying the necessary conditions for
optimality) and Two-Part Marginal Pricing and other Regulation Policies
(Boiteaux-Ramsey prices and Aumann-Shapley values). Finally, Section 5
discusses the efficiency problem in economies with nonconvex production
sets. We conclude each of these Sections with a paragraph containing
«References to the Literature».
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2. A general equilibrium model with nonconvex technologies

We present in this Section a general equilibrium model where the convexity
assumption on production sets has been dropped, and each firm’s behaviour
is modelled in terms of an abstract pricing rule?. Notation and concepts
follow Debreu (1959), unless otherwise specified.

The abstract Pricing Rule approach has to cope with a number of problems
when we come to analyze the existence of equilibrium. These problems,
which are ones of technique and of substance, do not exist in the standard
competitive world, and turn out to be interdependent and to appear simul-
taneously. Let us briefly comment on them, in order to clarify the nature of
the assumptions we shall meet later on:

1. In the absence of convexity, the set of attainable allocations may not be
bounded. This implies that some hypothesis on the compactness of this
set must be introduced, if we want to be able to apply a fixpoint argu-
ment.

2. When firms do not behave as profit maximizers at given prices, they may
suffer losses in equilibrium; this is the case of Marginal Pricing, which
yields negative profits under increasing returns to scale. Hence some res-
triction on the distribution of wealth must be imposed in order to avoid diffi-
culdes for the survival of consumers (and the upper hemicontinuity of the
demand mapping). Indeed the survival assumption turns out to be a key
element in the shaping of models with increasing returns.

3. If firms do not follow (unconstrained) Profit Maximization, equilibrium
allocations will not be efficient in general. Even if there exists an equili-
brium where non-convex firms follow Marginal Pricing, it may not be
Pareto optimal (since the equalization between marginal rates of transfor-
mation and prices is not sufficient in this case).

4. Pricing rules cannot be totally arbitrary. In particular, each firm’s pricing
rule must exhibit some sensitivity with respect to changes in production,
since an equilibrium price vector must belong to the intersection of all
firms’ pricing rules (think of the case of two firms, each of which only
accepts a single price vector for any possible production plan, and in
which both price vectors differ).

* kK

Consider an economy with ¢ perfectly divisible commodities, m consumers
(indexed i = 1, 2,..., m) and 7 firms (indexed j=1, 2,..., n). A point ® € R*
denotes the aggregate vector of initial endowments. The jéh firm’s production
set is represented by a subset %; of R, while 3, denotes the jth firm’s set of
weakly efficient production plans, that is?,

2'We follow closely the work in Villar (1994a).
* The convention for vector inequalities is: 2, >, >>



210 INVESTIGACIONES ECONOMICAS
3i=el; | yi>»y =9 e 1

3 will stand for the carteman product of the 7 sets of weakly efficient pro-
duction plans, that is, 3 = H 3. We shall denote by IP < R! the standard pri-
ce simplex, that is, =

P={p <R | gp,:n

For a point y;e 3; and a price vector p e P, py; gives us the associated pro-
fits.

Each firms’ behaviour will now be defined in terms of a Pricing Rule. A
Pricing Rule for the jtk firm is usually deﬁned as a mappmg ®; applying the
set of efficient production plans 3, into R!. For a point y; in S @;(y;) has to
be interpreted as the set of price vectors found «acceptable» by the Jth firm
when producing y;. In other words, the jt4 firm is in equilibrium at the pair
; p), if p e @(y;). Even though in most of the cases the jth firm’s Pricing
Rule only depends on y,, we shall adopt the more general notion of firms’
behaviour, by allowing each firm’s Pricing Rule to depend on other firms’
actions and «market prices». To do this, let = (y,, s, ..., 7,) denote a point
in 8. Then,

Definition 1. A Pricing Rule for the jth firm is a correspondence,
¢;PX3>P

which establishes the j#& firm’s set of admissible prices, as a function of
«market conditions».

That is, y; is an equilibrium production plan for the jth firm at prices p, if
and only if, p e 0,2, 3/) (where y; is precisely the jth firm’s production plan
in y). As for 1nterpretat1ve purposes, we may think of a market mechanism
LA

in which there is an auctioneer who calls out both a price vector (to be seen
as proposed market prices), and a vector of efficient production plans. Then,
the jth firm checks whether the pair (p, y,) agrees with its objectives
(formally, [(#, y), p] belongs to the graph of ¢)).

A situation in which all firms find acceptable the proposed combination bet-

ween market prices and production plans is called a production equilibrium.
Formally:

Defination 2. A pair (p, y) € P X 8 is a Production Equilibrium, relative to the
. . n
pricing rules ¢:(¢l) ¢2> e ¢n)5 lff’ e q)j(p,v 3/)
j=1

Observe that different firms may follow different pricing rules. Furthermore,
the pricing rule «may be either endogenous or exogenous to the model, and
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that it allows both price-taking and price-setting behaviors» [Cf. Cornet
(1988, p. 106)]. We analyze alternative pricing rules in the next sections.

The ith consumer is characterized by a tuple, [X], u;, w,, r;], where X, u,, w;
stand for the A consumer’s consumption set, utility function and initial en-

dowments, respectively; by definition, Z w;= w. r; denotes the # consumer’s-

wealth. To be precise, 7; is a mapping from P X R" into R so that, for each
pair (p, ¢), 7: (b, y) gives us the ih consumers’ wealth. Partmular cases of
wealth funcuons are those generated by a «fixed structure of profits» [given

by: 7, (p, y) = pw; + a; Z £y;, where a; 2 0, and 2 a; = 1], and by a «fixed

i=1

structure of shares» (whlch can be defined as: 7, (p, y) = pw; + i 0, py;, with
=1

s

i

0, = 0, and

ij =

0; = 1, for all ).

1

Given a price vector p, and a vector of production plans y e S, the ith con-
sumer’s behaviour is obtained by solving the following program:

Max. u; (x;)
subject to: px; <7; (p, y)

Let (b, ) € P X S be given. Then, consumers’ behaviour can be summarized
by an aggregate net demand correspondence that can be written as

& b, y) = d (B, y) — {w}, where d (p, y) = 2 d; (p, y), and d, stands for the ith
consumer’s demand correspondence [i.e., d (b, y) is the set of solutions to

the program above for (p, y)].

REMARK 1. Observe that since consumers’ choices depend on market prices
and firms’ production, we may think of each ¢, as also being dependent on
consumers’ decisions, that is,

q)j b, H’) = ®j [[7: Y g , }J’)]

This provides enough flexibility to deal with market situations in which
firms’ target payoffs may depend on demand conditions (as it is the case for
Boiteaux-Ramsey prices).

Definition 3. An Attainable Allocation is point a [(x;), ()] in the set ﬁ X; X

X H » such that Z x—w< Z ;- The set of attainable allocations of the
=1
eC(JJnomy will be denoted by 7/

The projection of 7 on the space containing ¥; gives us the jib firm’s sct of
attainable production plans.
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Consider now the following assumptions:

A.1. For each firm j = 1, 2, ..., n, 1} is a closed subset of R, such that 0 €
Y,and ¥, - R c 1, .

A.2. For each firm j = 1, 2, ..., n, the jth firm’s set of attainable productions
is compact.

A4.3. For each i = 1, 2, ..., m: (a) X, is a closed and convex subset of R,
bounded from below; (b) #;: X; — IR is a continuous and quasi-concave
function, which satisfies Local Non-Satiation; and (c) w; e X; and there
exists x! € X; such that x! « w,.

A4 r: P X R" - R is a continuous function, quasi-concave in the second
argument, and such that:

a) For every (p, y) e IP X Rk, we have:
hX 7o (B }j’) =pw +Zl}’j)
i=

b) Fory/: 0,7, 00 =pw,1=1,2, ..., m

Assumption (A.1) provides us with a suitable generalization of the standard
axioms on production sets. Besides closedness, it assumes the possibility of
inaction and free-disposal. Observe that under (A.1) the set of weakly efficient
production plans 3, consists exactly of those points in the boundary of ¥,

Assumption (A.2) says that it is not possible (either for the j#h firm or for the
economy as a whole) to obtain an unlimited amount of production out of a
finite amount of inputs.

Assumption (A.3) is standard and needs little comment. It contains all what
is required in order to ensure that the demand correspondence is upper
hemicontinuous, with nonempty, closed and convex values, in the context of
a private ownership economy, where firms’ profits are nonnegative.

Assumptlon (A.4) establishes that, for every (p, y) in P X Rb each
consumer’s wealth is a continuous mapping, quasi-concave in Ys such that:
a) Total wealth equals the value of the aggregate initial endowments plus
total profits; and 4) When there is no production, each consumer’s wealth
corresponds precisely to the value of her initial endowments. Observe that
the examples of wealth functions above («with a fixed structure of profits»
and «with a fixed*structure of shares»), both satisfy (A.4).

Notice that assumptions (A.1) to (A.4) ensure that &7 is nonempty (to see that
simply let y;, = 0, V,, and x; = w,, V), and compact.

Consider now the following definitions:
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Definition 4. ¢ P X § — P is a Regular Pricing Rule, if ¢; is an upper
hemicontinuous correspondence, with nonempty, closed and convex values.

Defimition 5. ¢ P X S — P is a Pricing Rule with Bounded Losses, if there
is a scalar a; <0 such that, for each (p, y) in P X 3.

q; 20, Vgeb(p 3/)

REMARK 2. The combination of the notions of bounded-losses and regularity
implies a non-trivial structure on the pricing rule. In particular, it prevents a
firm from setting:

¢j (P: }jf) = {4"}

(constant) for all (p, y) in IP X 8 (which would easily destroy any possibility
of equilibria). The reader is encouraged to think about the nature of this
implication [Bonnisseau & Cornet (1988 a, Remark 2.6) will help].

For a given p e IP, let 4; () denote the minimum value of px;, with x; e X;
(that is, 4; denotes the minimum worth at prices p of a feasible consumption
bundle for the it2 consumer). This is clearly a continuous function (by virtue
of the maximum theorem). The next definition incorporates a restriction on
the distribution of wealth which provides us with a straightforward survival
assumption.

Definition 6. A wealth structure r = (ry, ..., 7,,) is compatible with the firms’
pricing rules & = (¢, s, ..., 9,), if there exists a scalar & > 0 such that, for
each consumer and for every production equilibrium we have:

r(p g) 2 b (p) + 8

Thus we say that the distribution of wealth is compatible with firms’
behaviour if, in a production equilibrium, each consumer’s budget set has a
nonempty interior.

Definition 7. An Equilibrium relative to the firms’ pricing rules ¢ is a price
vector p* e [P and an attaninable allocation [(x}), ] € 7 such that:

1) For each 7 = 1, 2, ..., m, x} maximizes u, (x;) over the set of points x; in X;
such that:

prEn (s )

2) (#*, y) is a Production Equilibrium relative to ¢.

B [En-2y-ul=0
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That is, an Equilibrium is a situation in which: (1) Consumers maximize
their preferences subject to their budget constraints; (2) Every firm is in
equilibrium and (3) All markets clear.

Let & denote the class of economies just described, that is, market econo-
mies satisfying assumptions (A.1) to (A.4). Then it can be shown [see Villar
(1994a)] that:

TueoreM . Let E sténd for an economy in IE. An Equilibrium relative to ¢
exists when firms follow regular pricing rules with bounded losses, and the
wealth structure is Compatible with 9.

The structure of the model (and the proof of the existence theorem) allows us
to interpret the functioning of this economy as follows: @) There is an
auctioneer who calls out both a price vector (to be seen as proposed market
pyices), and a vector of efficient production plans. 4) Given these prices and
production plans, the ik consumer chooses that consumption bundle which
maximizes her utility subject to her wealth constraint. ¢} Firms check whether
the proposed «prices-production» pair agrees with their objectives. When this
is so, the price vector is a candidate for a market equilibrium. d) When not
all firms agree on the proposed prices-production combination, or markets do
not clear, the auctioneer tries a new proposal. For that, she chooses those
prices and production plans such that, they maximize the value of the
«excess demand» and minimize the distance between each pricing rule and
the proposed prices.

The next Sections are devoted to the analysis of particular pricing rules,
which will convey substance to this abstract framework. We consider first the
family of Loss-Free Pricing Rules, and then the Marginal Pricing Rule and
other Regulation Policies. The efficiency problem will be discussed later on.

REFERENCES TO THE LITERATURE. There is a number of existence results
which refer to abstract pricing rules, results that can then be particularized
so as to encompass most of the pricing rules to be considered in next
Sections. The papers by MacKinnon (1979) and Dierker, Guesnerie &
Neuefeind (1985) are pioneering contributions to this area. Bonnisseau &
Cornet (1988a) provide an extremely general existence result, for the case in
which firms’ losses are bounded (this paper may be thought of as a
benchmark in the literature on the existence of equilibria with non-convex
technologies). Vohra (1988a) presents an alternative existence result, using
slightly different assumptions (and an easier proof). A degree theoretic
existence result can be found in Kamjya (1988) (where the question of
uniqueness is also analyzed). Simplified versions of Bonnisseau & Cornet’s
model appear in Villar (1991), (1994a) where relatively easy existence proofs
are provided. See also Bonnisseau (1988), for a discussion of some
interconnections. The reader is encouraged to go through Brown’s (1991)
survey and Bonnisseau & Cornet (1988a) paper in order to get a deeper
review of the existence resulls.



EXISTENGE AND EFFICIENCY OF EQUILIBRIUM IN ECONOMIES 215
3. Loss-free pricing rules: the positive approach

Loss-Free Pricing is a family of pricing rules with bounded losses, where
firms’ equilibrium profits are nonnegative. This family covers most of the
ways of modelling the behaviour of non-convex firms in a context of unre-
gulated markets (what we referred to as Positive Models). Even though those
regulation policies satisfying a break-even constraint formally also belong to
this family, we shall discuss these models in connection with the Marginal
Pricing Rule. In order to deal with Loss-Free pricing rules in a simpler way,
we shall specialize our model, by focusing on the case of private ownership
economies (those in which the income function corresponds to a «fixed
structure of shares»).

It is probably worth starting this section with a waming: there are few exis-
tence results for positive models which are both general and interesting. One
may well consider that monopolistic (or oligopolistic) competition arises as a
natural framework to deal with non-convex firms: if there are increasing
returns to scale firms will not be negligible and thus will not behave as pri-
ce-takers. Alas, the possibility of extending partial equilibrium results to a
general equilibrium framework, in the realm of imperfect competition, faces
enormous difficulties even with convex production sets [see for instance
Benassy (1991)]. To make it precise: there is still no satisfactory answer to
the basic positive problem of general equilibrium with increasing returns:
how to model the noncooperative interactionsamong firms with market
power.

With this in mind, let us formally introduce the family of loss-free pricing
rules and the companion assumption:

Defunition 8. ¢;: IP X 3 — [P is a Loss-Free Pricirfé Rule, if for each (p, y) in
P X 3, all g;in ¢; (¢, y), we have:

7;,9; 20

Thus, a firm is said to follow a Loss-Free pricing rule whenever it does not
find «acceptable» any prices-production combination yielding negative pro-
fits.

We substitute now assumption (A. 4) by the following:
A 5= r(p, ) =p@; + D, 0,y (with 3} @, = ®, 0;20,and Y 6; = 1)
i=1 i=1 j=1

Call E* the set of private ownership market economies satisfying assump-
tions (A.1), (A.2), (A.3) and (A.4¥). Observe that under assumption (A.4%), it
follows from (A.3) that, for every (4, y) e P X S,

7 (s y) 2 pW; > b, (p)+
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Therefore, since there is a finite number of consumers, one can take (see
Definition 6):

Inf.

5 =—;_ p‘ {Miin. me,-—b,-(p)]}

and be sure that r; (5, y) 2 b; (p) + 8, V (p, y) € P X S. Then, the
following result turns out to be an immediate consequence of Theorem 1:

ProrosiTiON 1. Let E stand for an economy in E*. An Equilibrium relative
to ¢ exists when firms follow regular and loss-free pricing rules.

Thus, in the context of private ownership market economies which satisfy
(A.1), (A.2), (A.3) and (A.4%), loss-free pricing rules constitute a special case
of pricing rules for which the wealth structure is always compatible with firms’
behaviour.

We shall now consider two prominent examples of regular and loss-free pri-
cing rules: Profit Maximization (both constrained and unconstrained), and
Average Cost Pricing. The reader may well consult Bonnisseau & Cornet
(1988a, Section 3), and Dehez & Dréze (1988a, b) for details.

3.1. Profit Maximization

Let us now formalize two different types of profit maximization in terms of
pricing rules. We start by considering the case of (unconstrained) Profit
Maximization, when nonconvexities are due to external effects in produc-
tion.

Let 7; (y) denote the production set of the jth firm, when all other firms’
productlon plans are described by the vector

3’1 = (yl, "'9.)’]'—13 _yj+b_yn)

When 7; (y) is a convex set for all y, Profit Maximization can be defined in
terms of the following pricing rule:

M, y)=lge P [ 93,299}, Vyie Yyl

This pricing rule associates with every efficient production plan, the set of
prices which support it as the most profitable one (that is, in this case ¢; coin-
cides with the inverse supply mapping). If 1; (y) sahsﬁes (A1) for all y, this
is obviously a loss-free pricing rule (since 0 1’ ( y) for each j); it is also easy
to deduce that ¢ is regular (the maximum theorem implies the upper hemi-
continuity, whilst the convexity of ¥; (.) brings about the nonemptyness, and
convexity follows trivially). Thus,
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COROLLARY 1. Let E e [E*, and suppose that for each y e 3, all j, 7, (y) is
closed and convex, 0 e ¥; (y) and — R, < Y ( 'Ibhen an Ethbnum
relative to ¢ does exist.

REMARK 3. Note that, in the absence of production externalities (i.e., when
¥, is convex), this Corollary gives us the existence of a standard competitive
equlllbnum Note also that if ¥} is a convex set, j = 1, 2, ..., n, by requiring
that ¥; N R’ = {0} in (A. l) assumption (A.2) can be replaced by the
1rrever51b1hty hypothesis in Debreu (1959, p. 40).

We consider now a pricing rule, termed Voluntary Trading, which can be
regarded as an extension of the profit maximization principle to nonconvex
production sets. The notion of Voluntary Trading was introduced by Dehez &
Dréze (1988a) as a way of extending the notion of competitive equilibria to a
context whereby firms behave as quantity takers, and there may be increasing
returns to scale [see Dierker & Neuefeind (1988) for a different approach]. It
can be defined as follows %

07 (5, y)={g< RS | g2 9y, Ve ¥withy <y

(where 7% denotes a vector in R’ with coordinates max. {0, yu}, for b =1,
2, ..., f). The main feature of this pricing rule is that at those prices «it is not
more profitable for the producers to produce less. Thus at an equilibrium,
producers maximize profits subject to a.sales constraint» [Cf. Dehez &
Dreéze (1988 a, p. 210)].

Dehez & Dréze suggest the following refinement of Voluntary Trading,
which describes the minimality of the output prices:

\yj‘f (p, 5,) ={ge ¢;T (b, 3/) / there is no ¢’ € ¢;’T (p, z,), 7 <gq
and ¢ =g, for he L (y;)}

where L (y;) denotes the commodities which are inputs for the j# firm. This
condition of minimal output prices says that lower output prices cannot sus-
tain the same output quantities.

For each (p, y) e IP X 3, let ¢ (p, y) be defined as the smallest closed® and
convex-value correspondence contammg v ( 2% 7) N P. Observe that since
0 e % [assumption (A.1)], ¢;" is a loss-free pricing rule. Furthermore, it is
convex and compact valued by definition (and hence upper
hemicontinuous); it is also easy to see that it is nonempty valued. Thus,

* Note that we define this pricing rule as a mapping from IP X $ into R, rather than
into [P, for reasons which will be apparent below.
* A correspondence I D — IR* is said to be closed-valued if T'(z) is a closed set, for

each z € D. I is said to be closed if it has a closed graph. Let us recall here that if I" is
closed and has compact values, then it 1s upper hemicontinuous.
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under assumptions (A.1), (A.2), (A.3) and (A.4¥), ¢;° is a loss-free and
regular pricing rule. Hence:

CorouiARY 2. Let E € B* Then an equilibrium relative to ¢** exists.

Dehez & Dréze (1988a, Th. 1) show that Voluntary Trading coincides with
(unconstrained) Profit Maximization when production sets are convex.

REMARK 4. Scarf (1986) develops a model of Input-Constrained Profit
Maximization in his analysis of economies with increasing returns and
nonempty cores. This model is presented in Section 5.3.

3.2. Average-Cost Pricing

Average cost-pricing is a pricing rule with a long tradition in economics,
both in positive and normative analysis. We shall concentrate here on the
positive approach, and leave the normative one for the next Section.

The Average Cost Pricing Rule can be formulated as follows®:

01 (p, y)=lge P | g, =0}

that is, this rule associates with every efficient production plan for the jth
firm, those prices yielding zero profits.

Under assumptions (A.1), (A.2), (A.3) and (A.4*¥), ¢4 is obviously a loss-free
and regular pricing rule. Hence, Proposition 1 provides an implicit existence
result for those economies where firms are instructed to obtain zero profits.
Formally:

COROLLARY 3. Let E e E* Then an equilibrium relative to ¢4¢ (i.e., an
Average Cost Pricing Equilibrium) does exist.

When production sets are convex cones (constant returns to scale), Average
Cost Pricing coincides with Profit Maximization (and hence with Voluntary
Trading). Yet in general Average Cost Pricing may well be inconsistent with
profit maximization (either constrained or unconstrained). This implies that
this pricing rule belongs to a family of loss-free and regular pricing rules
whose associated equilibria may be difficult to sustain, since some firms may
find it profitable to deviate from the equilibrium production plans. This may
happen both for the case of decreasing returns and for the case of increasing
returns to scale. One may thus consider whether there exists some restric-

5 This way of defining the average cost pricing rule places no restriction at the origin
(ie., for y such that y, = 0, /(s y) = P). It is then customary to define ¢/<(0) as
the closeg convex hull of the following set:

eRL /3 {g, 3} < P X [3,\ 0], such that,
q q .y] . 7
{g%3°} = (g, 0), with ¢* »; = 0}
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tion on production sets that makes average cost pricing compatible with
constrained profit maximization (this would extend the properties of convex
cones to a more general setting). Following an idea in Scarf (1986) (see sec-
tion 5 for details), Dehez & Dréze (1988b) define a class of nondecreasing
returns to scale production sets, called Output Distributive Sets, which essen-
tially characterize those technologies for which Average Cost Pricing is com-
patible with Voluntary Trading.

REFERENCES TO THE LITERATURE. There are two special cases in which
nonconvexities are compatible, at least partially, with the standard competitive
model. The first one is that in which increasing returns to scale are due to
external economies, presented here. The second one refers to the case when
nonconvexities are «small in relation to the size of the economy»; in this case
one can still get an upper-hemicontinuous aggregate supply mapping. For a
discussion on these cases see Chipman (1970), Arrow & Hahn (1971, Ch. 6),
Mas-Colell (1987, Ch. VI).

When we abandon the specific context described above, an alternative defi-
nition of firms® behaviour is required. As mentioned before, imperfect com-
petition arises as a natural framework to deal with firms with increasing
returns. Following Negishi’s (1961) work, Arrow & Hahn (1971, 6.4) present
a model of monopolistic competition in which no assumption is made about
the convexity of production sets. Silvestre (1977), (1978) criticizes this model
and offers alternatives with better foundations. Nevertheless, these models
are still restrictive. A related line of research (using «objective» rather than
«subjective» demand curves) was developed by Gabsewicz & Vial (1972) and
Fitzroy (1974); these models turn out to be even more restrictive (since
objective demands impose much more structure than subjective ones).
Indeed, the difficulties of building an imperfectly competitive general equili-
brium model are enormous, even in the convex case [see the analysis in
Roberts & Sonnenschein (1977), and the recent survey in Benassy (1991)].

An alternative approach to modelling the behaviour of non-convex firms,
compatible with both positive and normative viewpoints, consists of allowing
for the presence of quantity constraints (due to input or demand restrictions,
or the existence of quantitative targets). In this context (constrained) profit
maximization may be well defined. The existence of general equilibrium
with quantity constraints was first dealt with in the classic paper by Scarf
(1986) (where he analyzed the non-emptyness of the core in an economy
with increasing returns). Besides the model by Dehez & Dréze (1988a) alre-
ady discussed, let us also refer here to that one by Dierker & Neuefeind
(1988) which extends the results in Dierker, Guesnerie & Neuefeind (1983),
allowing for the presence of quantity targets.

Existence results for Average Cost Pricing (or, more generally, Mark-up
Pricing) also abound. Apart from those presented above, let us recall here
that Dierker, Guesnerie & Neuefeind (1985) prove the existence of equili-
brium when firms follow several forms of Average Cost Pricing. Béhm
(1986) and Corchén (1988) develop models where firms set prices by adding
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a mark-up over average costs. Herrero & Villar (1988), and Villar (1991)
provide average cost pricing models where the production side is formulated
as a nonlinear Leontief (resp. a nonlinear von Neumann) model.

4. The normative approach: marginal pricing and other
regulation policies

Let us focus now on Normative Models (that is, pricing rules which may be
interpreted as regulation policies for public utilities with non-convex produc-
tion sets). We shall consider first the pricing rule from which most of the
existence results on general equilibrium in nonconvex environments origina-
ted: the Marginal Pricing Rule’. This pricing rule shares with Voluntary
Trading the feature that it coincides with profit maximization when produc-
tion sets are convex. We shall move then towards other regulation policies
which satisfy a break-even constraint (and hence may be regarded as refine-
ments of Average Cost Pricing). Three of these pricing rules will be conside-
red: Two-Part Marginal Pricing, Boiteaux-Ramsey prices and Aumann-
Shapley values.

4.1. Marginal pricing

Consider the case in which resources are to be allocated through a market
mechanism, and suppose that production sets are assumed to be closed and
satisfy free-disposal (that is, 2; = R < ;). Then, irrespective of the conve-
xity assumption, a general principle for achieving Pareto optimality is that
prices must equal the marginal rates of transformation (both for consumers
and firms). If this were not so, it would be possible to reallocate commodi-
ties so that someone would be better off.

When production sets have a smooth (i.e. differentiable) boundary, marginal
rates of transformation are well defined, and marginal prices coincide with
the vector of partial derivatives at every efficient production plan. When
production sets are convex (but may not have a smooth boundary), one has
to take a generalized view of what marginal rates of transformation are. In
particular, marginal prices can be associated with the cone of normals which
is defined as follows: Let 4 be a convex subset of RY, and s e 4; the Normal
Cone of A at 5, N (4, s), is given by:

NA4)={peR | py—5<0,Vye 4}

Thus when production sets are convex, marginal pricing implies profit maxi-
mization at given prices. '

7 The expression «Marginal Pricing», instead of the usual «Marginal Cost Pricing» is
used in order to remind that in the absence of convexity (more precisely, in the
absence of convexity of the iso-outputs sets), this pricing rule may not imply cost
minimization. See the discussion in Guesnerie (1990, Section 5.2).
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When production sets are neither convex nor smooth, we need a way of
extending still further the notion of «marginal rates of transformation».
There are several alternatives for that [see Kahn & Vohra (1987, Section 2),
Cornet (1990, Appendix) for a discussion], but nowadays the standard defi-
nition is based on Clarke’s normal cones. In order to define Clarke’s normal
cone, let us start with the following definition:

Definition 9. Let C be a closed subset of R'and x e C. A vector » is orthogo-
nal to C at #, denoted v L C{x), if®

dist [0+ x), C] = || v ||

If x is 2 point in the interior of C, then » = 0 is the only vector orthogonal
to G at x (indeed 0 is orthogonal to any point in G). Thus the points of inte-
rest are the points in the boundary.

Clarke’s normal cone N (%] ) is then defined as follows:

Defination 10. Let C be a closed subset of Rfand x € C. Then, the Normar
Coxe N (G, x) [in the sense of Clarke (1975)] to C at x is the closed convex
hull of the set:

e R | o=Alim —2— A 20,0 L Clx), x — %, 0, = 0}
Poog 1]

By this definition the Clarke Normal Cone at a point x is the convex cone
generated by the vectors orthogonal to C at x, and the limits of vectors
which are orthogonal to C in a neighbourhood of x [Cf. Quinzii (1992,
p- 19); for an illustration see Clarke (1983, p. 12)].

Let ¥; be a production set, and y; a boundary point. We can now define
Marginal Pricing as follows:

O (0, g =N, ) NP
where N (7, y,) denotes Clarke’s normal cone to %] at y;.

The following properties of normal cones are most useful [see Clarke (1983,
Ch. 2), Cornet (1990, Lemma 4)]:

PROPOSITION 2. Let ¥ be a closed subset of R, and let y € 7. Then:
1) If py 2 py’ for all y° € ¥, then p € N(¥, »). In case ¥ is convex, the
converse is also true, i.e., if p € N (2, y) then py = py’, for all y’ € 7.
2) KY-RE ¢ 7, then the following conditions hold:
(2,2) N(¥ 5 cRE forevery y e 7.
(2, b) The correspondence N (%] .) from ¥'to R*is closed.

8 dist [.] denotes the euclidean distance, while | |.}| stands for norm.
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We shall now present an existence result for Marginal Pricing which derives
from Theorem 1. Other existence results, dispensing with the bounded-losses
assumption, are available in the literature [see for instance Bonnisseau &
Cornet (19902, b), Vohra (1992), and the references below].

Let ¢ stand for the unit vector, ¢ = (1, 1, ..., 1). The next Proposition [corres-
ponding to Bonnisseau & Cornet (1988a, Lemma 4.2)], provides us with suf-
ficient conditions for marginal pricing to be a pricing rule with bounded los-
ses.

ProposiTioN 3. Let ¥; < IR' be nonempty and closed, with ¥, - R < ¥}, and
let 0,; be a real number. The two following conditions are equivalent:
)V, p) e 3; X {N(Z, ) NP}, one has py; = o,
2) V y; e ¥; one has [oue, 3;] < 1 (ie., ¥;is star shaped).

REMARK 5. Bonniesseau & Cornet also show that conditions (1) and (2) are
satisfied if there exists a non-empty, compact subset K, of R, if

o, = inf, {9,/ ;= (yu) € K}

and if one of the following conditions holds: (C.1) %; = K, — RY; or (C.2)
¥\ K is convex.

The following result is an immediate consequence of Propositions 2, 3 and
Theorem 1:

CoRrOLLARY 4. Under assumptions (A.1) ro (A.4), suppose that 7; is star
shaped for every ;. Then, an equilibrium relative to ¢** (ie.,, a Marginal
Pricing Equilibrium) exists when the wealth structure is compatible with ¢**,

There are two properties of Marginal Pricing worth considering:

1) This pricing rule satisfies the necessary conditions for optimality, and it
coincides with profit maximization when production sets are convex. Yet,
when production sets are not convex, these necessary conditions may well
not be sufficient (see the next Section).

2) When there are increasing returns to scale, Marginal Pricing implies los-
ses («marginal costs» are smaller than «average costs»). This entails that this
pricing rule requires the design of a system of transfers (embodied in consu-
mers’ wealth functions, say), so that these firms can cover their losses.
Letting aside the informational problem [see Calsamiglia (1977)], this can be
seen as an additional complication of the regulation policy which requires
taking decisions about its distributional impact. In particular, a Marginal
Pricing Equilibrium may not be Individually Rational; even if it is
Individually Rational, some consumers may feel that they are paying «too
much», so that there is little hope for social stability (these equilibria will
typically fail to be in the core).
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4.2. Two-Part Marginal Pricing and other Regulation Policies

The distributional problems associated with the use of marginal pricing,
induced the consideration of regulation policies which satisfy a break-even
constraint. Observe that in the case of multiproduct non-convex firms, the
break-even constraint is compatible with a number of ways of pricing the
regulated firms’ commodities. We shall comment here on three regulation
policies which satisfy such a constraint: Two-Part Marginal Pricing,
Boiteaux-Ramsey Prices and Aumann-Shapley Values.

Two-Part Marginal Pricing

A closer look at the necessary conditions for optimality shows that what is
essentially required is that consumers equate marginal prices to the marginal
quantities they demand. This suggests that using a (personalized) system of
non-linear prices one can meet both the necessary conditions for optimality
and the break-even constraint. This is the essence of two-part tariffs, where
consumers who buy positive amounts of the goods produced by non-convex
firms are charged an entrance fee plus a proportional one.

~ Let us briefly describe now the Two-Part Marginal pricing model developed
by Brown, Heller & Starr (1992). They consider a general equilibrium
model of a private ownership economy with a single non-convex firm, inde-
xed as firm 0 (a regulated monopoly), and n competitive convex firms. The
non-convex firm produces a single output, good 0 (the monopoly good),
which is not produced by any other firm, and the initial endowment of this
good is taken to be zero. Regulation takes the form of marginal pricing with
personalized «hook-up» fees charged for the right to consume the monopoly
good. The hook-up fees are intended to recover the losses incurred by the
monopoly when using marginal pricing. Hence in equilibrium the monopoly
makes zero profits.

This pricing policy implies that the itk consumer’s budget constraint will
exhibit the following structure:

pw; +j§6 By, ifx=0
pxi < n
pw; +j§r3 8; £y; — ¢; otherwise

where ¢; represents the 2 consumer’s hook-up fee (that she only pays when
consuming positive amounts of the monopoly good). The restriction on these
g;is that X, ¢; = min. (0, —py,)-

Brown, Heller & Starr (1992) show that there exists an equilibrium for this
economy, where the monopoly is regulated according to the Two-Part
Marginal pricing rule. The basic idea underlying their existence proof is the
notion of willingness to pay and the assumption that, in equilibrium, the
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aggregate willingness to pay exceeds the losses of the regulated monopoly.
They also show that one can choose the hook-up fee in a way such that the
equilibria are individually rational.

Assuming that the set of attainable consumptions is compact for each z, let
X? denote a convex and compact subset of IR’ containing in its interior the
1th consumer’s set of attainable consumptions. Besides the assumptions in
Section 2, suppose that u; is strictly quasi-concave, and let 7,(p, y) = pw, +
n

2 6 py, We can then calculate each household’s «reservation level of utility»,
=0

i.e., the maximum utility level she could obtain if the monopoly good were
not available V; (¢, y), as the solution to the following program:

Max. u;{x;)
subject to:  px; S 7 (p, y), %o = 0, and x; € X}

We can use now the expenditure function to calculate the income which is
necessary to reach the reservation utility level, when the monopoly good is
available. This income, E;[p, V; (p, y)], is given by the solution to:
Min. px;
subject to:  u; (x;) 2 V; (p, y) and x; € X}

Then, each consumer’s willingness to pay for the monopolist’s output, at (p, y)
is given by:

sits y) =7 (0> y) — Eilp, Vi (b5 y))

that is, «t is the amount at current prices that must be subtracted from
current income to reduce utility to what it was when the monopoly good
was unavailable... Of course, s, is an ordinal concept, i.e., it is independent
of the utility representation» [Cf. Brown, Heller & Starr (1992, p. 62)].

The key assumption in Brown, Heller & Starr’s model is that, at every production
equilibrium (g, 4), the aggregate willingness to pay exceeds the monopo-

ly losses: 2. s; (p, }f) > — min (pp,, 0). They define then a Proporiional hook-up
=1

rule as follows: Let s (¢, y) = 2 5:(p, y), and
i=]

— min (,, 0)
5 )

Observe that T is well defined over production equilibria, since we are assu-
ming that s (p, y) > 0 in that case. Hence the Proportional hook-up rule is
given by:

Ty =
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%@, =T y) s (ps y)

that is, the proportional hook-up charge for the i consumer is a fraction of
her willingness to pay.

The assumptions of the model imply that ¢; is a continuous function of
(p, 3) over the set of production equilibria, such that: a) It is always non-
negative and smaller than s; (p, ¢) when this is a positive number; and b) It
is equal to zero if s; = 0. This implies that demands are continuous over
production equi]jbria. Then, using Tietze extension theorem, and applying a
modification of the Beato & Mas-Colell (1985) existence argument, Brown,
Heller & Starr prove the existence of a Two-Part Marginal Pricing equili-
brium with proportional hook-up fees.

Other Regulation Policies

Ramsey (1927) (for a single agent economy) and Boiteaux (1956) analyzed
the necessary conditions for optimality subject to a break-even constraint.
The prices which satisfy these conditions are called Boiteaux-Ramsey prices.
In the simplest version, where there is a single non-convex firm producing
two outputs &, b, (whose cross elasticities of demand can be neglected), the
firm is required to balance its budget and price the outputs at ¢,, ¢, accor-
ding to the «inverse of elasticity» formula:

-g=KT—— ¢ =K
hma 0x,/0p, 2270 0x,/0p,
where ¢, ¢, represent the marginal cost of producing goods 1 and 2,
respectively, and dx,/9p,, 0x,/0p, are the partial derivatives of compensated
demand of the two goods. The number X is determined by the budget
equation:

C(B) =g, by + gy by = ¢ by + ¢3 by + Kb} 0x,/0p,)" + K b3 (0x,/0p5)"

where C'(d) is the given total cost of producing output & [Cf. Dierker,
Guesnerie & Neuefeind (1985, pp. 1381-1382)].

The intuition behind this rule is that one has to charge relatively higher pri-
ces over those products whose demand is relatively more inelastic. It is
worth noticing that these prices are obtained from conditions over the maxi-
mization of the -aggregate surplus, and that their distributive effects may well
run in any direction [Cf. Mas-Colell (1987, p. 55)].

A different pricing principle emerges from an axiomatization of cost allocation
schemes inspired by the Shapley Value for non-atomic games [first analyzed
in Aumann & Shapley (1974), and used in Billera, Heath & Raanan (1978) for
telephone billing rates which share the cost of a telephone system]. As in the
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case of Marginal Pricing (and unlike Boiteaux-Ramsey pricing), these prices
only depend on the cost of production, and take advantage of the fact that the
Shapley Value can be defined by an explicit formula. Interestingly enough,
they can be characterized by a set of axioms on the cost functions and the
quantities produced [see for instance Billera & Heath (1982), Mirman &
Tauman (1982), Samet & Tauman (1982)].

In order to present these ideas, we shall follow closely the work in Mirman
& Tauman (1982). Think of a firm producing 7 outputs, and let IF be a
family of functions { defined on a full dimensional comprehensive subset
C' c R}, and such that [ (0) = 0 (no fixed cost), and { is continuously diffe-
rentiable on C'. We define a price mechanism as a function P F X Cf —» R’
that, for each { e TF, and for every b e (¥, assigns a vector of prices:

P(f, &) = [P B), By(fs 8), ... P(f: )]

Here [ is to be interpreted as the cost function, and b as the output vector.
A price mechanism is then a way of pricing the outputs as a function of
quantities and costs.

Consider now the following axioms:

(GS) (COST-SHARING,) For every [ IF, and every b e C*: bP(f; b) = [(b)
(that is, total cost equals total revenue).

(A) (ADDITIVITY) Let [, g, & € F defined over the same domain, and such
that f= g + A Then: P(gb) = P(g, b) + P(k; b) (i.e., if the cost { can be
broken into two components, ¢ and f, then calculating the price determined
by the cost function { can be accomplished by adding the prices determined
by ¢ and k separately.)

(P) (POSITIVITY) If {is non-decreasing on CY, then P(f, 5)> 0
(C) (CONSISTENCY) For f IF, Let C = {z< R, |z = 3 b for b e C'}
=1

If there is a function G defined on C such that f(}) = G (i b,), then:
=1

P} b) = P(G,‘é 5)

(Le., splitting commodities in irrelevant classifications —that is, in a way that
does not affect costs—, has no effect on prices).

(R) RESCALING) Let f e F, and let A = (A, A, ..., A,) be a vector of r
positive real numbers. Define ¢ (\) = {z e RL | z, = b/\, foir b e C'},
and let g e T be a function on C' (A) defined by ¢ (8) = £ (A, by, ..., A, b,).
Then: P?’( b)= X P[f, (M by, ..., A, b,)] (ie., changing the scale of a com-
modity yields an equivalent change in prices).
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Mirman & Tauman show that there exists one and only one price mecha-
nism P satisfying the above five axioms, and that this mechanism is the
Aumann-Shapley price mechanism, that is, the one defined through the for-
mula:

P (fb)= j a‘e (¢b) dt

The apparent connection between Aumann-Shapley values and Marginal
prices is analyzed in Samet & Tauman (1982). They show that dropping the
Cost-Sharing assumption (CS), and substituting axiom (P) by the following:

P*) If is non-decreasing in a neighbourghood of 4, then P (fs 6)= 0.

Then, axioms (A4), (P*), (C) and (R) actually characterize the Marginal
Pricing rule.

Dierker, Guesnerie & Neuefeind (1985) provide an existence result for a
family of Average Cost Pricing rules which includes Boiteaux-Ramsey and
Aumann-Shapley pricing. Indeed, it can be shown that, under reasonable
conditions, these pricing rules are regular, so that Theorem 1 applies.

REFERENCES TO THE LITERATURE. The first results on the existence of
equilibria with nonconvex firms refer to Marginal Pricing (with the exception
of Scarf’s (1986) paper, which was written in 1963, and some of those referred
to in Section 3). The idea of regulating nonconvex firms by setting prices
equal to marginal costs is an old wisdom (which can be associated to the
names of Dupuit, Marshall, Pigou, Lerner, Allais and Hotelling among
others). It derives from the observation that a necessary condition for Pareto
optimality is that all agents equate prices to their marginal rates of
transformation.

Mantel (1979) and Beato (1982) independently showed the existence of
equilibrium in an economy with a single firm whose production set has a
smooth boundary, but need not be convex. They realize that under the free
disposal assumption, the set of efficient and attainable productions can be
made homeomorphic to a simplex, and hence the nonconvexity can be
handled in the convex «mirror’s image».

Cornet (1990) (a paper written in 1982) provides a first existence theorem
for marginal pricing in an economy with a single firm but dispensing with
the smoothness assumption. For that he introduces Clarke’s normal cones as
the proper way of defining marginal pricing in the general case.

Brown & Heal (1982) gave an index-theoretic proof of existence for Mantel’s
model. Beato & Mas-Colell (1985) extend the existence result for the case of
several non-convex firms, and Brown, Heal, Khan & Vohra (1986) analyze
the case of a private ownership economy with a single non-convex firm and
several convex firms. More general results on this specific pricing rule appe-
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ar in Bonnisseau & Cornet (1990a, b), and Vohra (1992). See also the pro-
blem raised in Jouini’s (1988) paper.

The existence of two-part marginal cost pricing equilibrium is established in
Brown, Heller & Starr (1992), in a model described above. See also Edlin &
Epelbaum (1993).

There is a number of contributions which analyze different pricing policies in
terms of the properties of the associated cost-functions. Besides those already
referred to, let us mention the works of Mirman, Samet & Tauman (1983),
Greenberg & Shitovitz (1984), Mirman, Tauman & Zang (1985), (1986),
Reichert (1986 Part I), Dehez & Dréze (1988 b), Mas-Colell & Silvestre (1989)
and Hart & Mas-Colell (1990) [see also Sharkey (1989, Section 3)]. Moulin’s
(1988) excellent monograph is highly recommended for those willing to establish
links between these models and more general collective decision mechanisms.

5. The efficiency problem

It has already been mentioned that the interest of Marginal Pricing derives
from the fact that it satisfies the necessary conditions for optimality. It is
time now to be more precise about this, and to address the question concer-
ning sufficiency. It will be shown first that, under very general assumptions,
any Pareto optimal allocation can be decentralized as a Marginal Pricing
Equilibrium. This amounts to saying that Marginal Pricing is a necessary
condition in order to achieve efficiency through a price mechanism. Yet
Marginal Pricing is far from being sufficient, as it will be illustrated by a
number of examples. Hence we are facing almost an impossibility result:
Under general conditions, there is no way of allocating efficiently the resour-
ces through a price mechanism, in the presence of increasing returns to sca-
le. A more general question arises then: the analysis of the nonemptyness of
the core in an economy with increasing returns.

5.1. The Second welfare theorem with increasing returns

Let E = {(X, w), (¥}), o} describe our economy of reference, that is, an
economy with £ commodities, m consumers (characterized by their consump-
tion sets and utility functions, X;, u, respectively), n firms (characterized by
their production sets 7)), and a vector of initial endowments ® e R%
Consider now the following assumption (which is a weakening of assump-
tions (A.1} and (A.3) in Section 2):

H-1)Foreveryj = 1,2, ...,n, % is a closed subset of R¢such that ¥, — R\ C ;.
2) For every i = 1, 2, ..., m, X;  R"is closed and convex, and %: X; - R is
a continuous and quasi-concave function, which satisfies local non-satiation.

Definition 11. An attainable allocation [(x}), ¢] € & is said to be Pareto Optimal
if there is no other attainable allocation [(xg, y] such that v, (x) 2 4 () for all 5,
with w, (x) > u, (x;) for some £.
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The following result [due originally to Guesnerie (1975)] is an extension of

the Second Welfare Theorem to economies with nonconvex production sets
[see Vohra (1991, Th. 1)]:

THEOREM 2. Let £ = {(X, u,), (¥), ®} be an economy satisfying assumption
(H), and let [(x}), 4] be a Pareto Optimal allocation. Then, there exists p e
R!, p# 0, such that:

a) For all 4, u,(x) 2 u(x) = px, 2 px.
b)pe ¢J‘.”P & ) for all j.

REMARK 6. Let [(x), y] be a Pareto Optimal allocation, and suppose that
for some consumer u; is differentiable at x} e X, Then, for this consumer,
the (normalized) vector of marginal rates of substitution is unique. Thus the
price vector supporting that allocation turns out to be unique.

Theorem 2 provides an extension of the Second Welfare Theorem allowing
for nonconvex production sets. It tells us that any efficient allocation can be
decentralized as a marginal pricing equilibrium, provided we are free to carry
out any feasible lump-sum transfer which may be required. This suggests that
the way of interpreting marginal rates of transformation as Clarke’s normal
cones is appropriate. The remark above reinforces such an idea: it says that
(under very mild regularity conditions) marginal pricing is a necessary condition for
actueving Pareto Optimality through a price mechanism.

Thus, in the context of a regulated economy where arbitrary lump-sum
transfers are possible, efficiency can be obtained by instructing firms to follow
marginal pricing. Notice that when production sets are convex, marginal
pricing corresponds to profit maximization. Therefore we can interpret this
result in terms of a mixed economy with a competitive sector (convex firms)
and a regulated one, where all firms follow marginal pricing, and efficiency is
obtained by suitably redistributing wealth.

5.2. The fatlure of the first welfare theorem

It is not true, however, that Marginal Pricing implies optimality, that is,
Marginal Pricing is a necessary but not a sufficient condition for optimality (a
general problem for nonconvex programming). To see this we shall briefly
report on three key examples. In the first one, no marginal pricing
equilibrium is Pareto efficient [the example is developed in Brown & Heal
(1979), after Guesnerie’s (1975) previous one]. In the second one [due to
Beato & Mas-Colell (1983), (1985)], it is shown that even production efficiency
may fail in a Marginal Pricing Equilibrium. Finally, the third example [Vohra
(1988b)] presents a situation where Marginal Pricing is Pareto dominated by
Average Cost Pricing (and thus is not even second best efficient). Each of
these examples illustrates different aspects of the problem.
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ExampLE 1. [see Brown & Heal (1979), Quinzii (1992, Ch. 4)].

Consider an economy with two goods, a single non-convex firm and two
consumers. The production set, which presents an extreme form of indivisi-

bility, is given by:

= 2 _y1>_7,_y2SO
Tﬁ{yERl{ﬁS‘qhkS7

that is, no output can be produced with less than 7 units of input and seven
units of output can be produced with 7 or more units of input. The only
efficient production plans are thus y° = (0, 0), and »* = (-7, 7). Moreover,
N, ) =N, ) = IR ? (that is, marginal pricing imposes no restriction on
equilibrium prices). Consumers’ preferences are described by the following
utilities:

Xy T— Xy if w2 %y
uy(x) = 700 4
(g +—xyy) 'y, Sy
312 100
+ 1
By Sxp if %9 2~ 1,
wr)={ 19 ]
X9 if xy9 ngm

Initial endowments and shares are given by:

w, =(0,5), w,=(150, 6,=1, 6,=0
There are two equilibria in this economy which are candidates to efficient
marginal pricing equilibria. The structure of the model implies that both of
them may well be regarded as pure exchange equilibria, the first one
because it does not involve production, and the second one because it can

be viewed as an equilibrium of an economy with no production and initial
endowments given by:

w = (-7,12), w, = (15, 0)
The first equilibrium is given by:
P =(4,100), »=(0,0), xf=(13.393,4.644), = = (1.607, 0.536)
with utilities

w(x) = 11.216, uy(x2) = 0.536
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The second equilibrium is given by:
r=06,38, y=0-7,7, x=(0,1/3), x =8, 35/3)
with utilities
u (%)) = 1/3, uy(x) = 4.166
Consider now the allocation x, = (13.392, 4.464), x, = (1.608, 0.536) which

is feasible for the economy when no production takes place. The utilities
associated with this allocation are:

w (%) = 11.217,  uy(xy) = 0.536

which Pareto dominate the first equilibrium allocation.

Take now the allocation 7 = (0.1, 0.2), x; = (7.9, 11.8), which is feasible for
the economy producing » = (=7, 7). The utilities associated with this alloca-
tion are:

u(x7) = 1/3, uy(x) = 4.59

which Pareto dominate the second equilibrium allocation.

Therefore, no marginal pricing equilibrium is Pareto optimal.

ExAaMPLE 2. [see Beato & Mas-Colell (1983), (1985)]

Consider an economy with two goods, £ = 1, 2. Good 1 is used as an input
to produce Good 2. There are two firms, j = 1, 2 whose production possibi-
lities are described as follows (note that the first one exhibits constant returns
to scale, while the second one has increasing returns):

Ni={0mr) e R_XR | yp <=y}

1
Yo={0a;p0) e R_X R | yp < E (1)}

There are two consumers whose characteristics are described by:

X =R, u (%) = x5, w =(0,50), 6,=0,=1
X, = R2  uy(x%) = Min. {6xy, 259}, wp, = (20, 0), 0, = 0, =0

From this it follows that we can take p, = | (since commodity 2 will
always have a positive price in equilibrium, in view of u,). There is only
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one Marginal Pricing Equilibrium where both firms are active, described
by

Prices: p = (1, 1)
Consumption: x, = (0, 46), x, = (20/7, 120/7)

Production: y, = (-64/7, 64/7), y, = (-8, 4)

Suppose now that we take the aggregate production set ' = 7} + ¥, and
consider the associated Marginal Pricing Equilibrium. This equilibrium
would be obtained at a price vector p° = (#;, 1), where p, is a number
between 1 and 2, with a production j° = (—16, 16). Comparing this pro-
duction with the aggregate production plan resulting in the equilibrium
above we get:

Jy + 3. = (F17.143, 13.143) < e

that is, Marginal Pricing equilibrium does not satisfy production effi-
ciency.

ExamMPLE 3. [Vohra (1988 b)]

Consider a private ownership economy with two goods, two consumers and
a single non-convex firm, whose data are summarized as follows:

X, =R2 w(x)=x, w =(0,10), 6, =1
X, =R2%  uy(x) = 4 log. x5 + x99, w, =(20,0), 6,=0
T={e R | y <0+, <0ify 216 and 10 y, + 9, + 144 <0
if y, < -16}

In view of u, we can take p, = 1. It can be shown that the only Marginal
Pricing equilibrium of this economy corresponds to:

p=(1,1), y=(16,16), =0, 10), x =4, 16)

Let us think now of the situation corresponding to an Average Cost Pricing
equilibrium. It can be checked that

r=@, 0 »y=(18,36), x =(0,10), x =(2, 36

is an Average Cost Pricing equilibrium. Notice that the first consumer’s uti-
lity is the same as in the Marginal Pricing Equilibrium (z, = 10), while the

9There are actually two other equilibria, each of which corresponds to a case where
only one firm is active.
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second consumer is now better-off (since u, = 4 log. 2 + 36 is greater than
up = 4 log. 4 + 16).

This asymmetry between the validity of the Second Welfare Theorem and the
failure of the First one points out that, for some economies, there are rules of
income distribution which may be inherently incompatible with efficiency.
The reason is that, contrary to the convex case, the mapping associating
efficient allocations to income distributions is 7ot onfo. Thus, for fixed income
distribution schemes, we can find non-convex economies such that the agents’
characteristics (technology and preferences) are such that marginal pricing
generates an income distribution which has an empty intersection with the
subset of efficient income distributions. The three examples show this feature.
The second one also indicates that Marginal Pricing equilibria can be
associated with a number of active firms which is inadequate (up to a point
where even aggregate production efficiency is violated). The third example
tells us that there may be better alternatives than Marginal Pricing in specific
contexts where Pareto optimality fails.

Theorem 2 shows that if any feasible income redistribution is possible, one
can obtain Pareto efficient allocations as Marginal Pricing equilibria; on the
other hand, the examples illustrate that if the income distribution rule is
fixed, then in general Marginal Pricing does not imply optimality (even in
the case of a single firm). A natural question is then whether there is some
possibility of obtaining efficiency in the case of fixed distribution rules which
are supplemented by some limited transfers.

Vohra’s (1991) paper addresses this point, by considering the case where
transfers can only be used in order to finance the possible losses of noncon-
vex firms, and not for redistribution purposes. Thus these transfers will be
taxes if nonconvex firms have losses, and subsidies otherwise, so that «no
consumer is subsidized if some other consumer is taxed». To be precise, let
us think of a mixed economy where firms 1, 2, ..., & are competitive (i.e.,
they behave as profit maximizers at given prices, over convex sets), while
firms £+ 1, A + 2, ..., n are non-convex. Let us define then a Tax Structure as
a system of transfers ¢ = (£) e IR” such that:

m a

tt=- X py,andeither 20 Vior ;<0 Ve

j=ht1

The #th consumer’s budget set is then given by:

b
B:e & t)={xe X; / px; < pu; + 2:1 it}

Vohra proposes the following definition:
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DerINITION 12. A Regulated Market Equilibrium is a point
[p*: (xna 3'*7 t‘] e P X H X,' X H 23 X R™
i=1 j=1

such that:

1) For every i, u{x) 2 u,(x), V x; € Bi(p, y» 1)
2) Forj=1,2, .. p9 249 Vyel
3) * is a Tax Structure

n

X = Z}f+w

1 J=1 7

I8

4)

[}

z

Observe that the only restriction that this definition establishes over non-
convex firms is that the equilibrium production plans must be technologi-
cally feasible. This allows for different types of behaviour of non-convex
firms. In particular, given a private ownership economy E, a Marginal Cost
Pricing Equilibrium with a Tax Structure t* can be defined as a Regulated Market

Equilibrium [p*, (%), %, #], where p* belongs to - Q ‘ 03" (%, ). The exam-
Fa

ples above show that there are economies such that, for a given Tax
Structure #, none of the Marginal Pricing Equilibria with a Tax Structure #
satisfies Pareto Optimality, Production efficiency or Second Best Efficiency.

If this happens for a given tax structure, the question is then whether we can
find appropriate tax structures, depending on each specific economy, to cir-
cumvent these negatives results. Vohra (1991, Sec. 3 & 4) shows that, in this
general context, there is little hope of finding optimal allocations via
Marginal Pricing and a suitable choice of a Tax Structure. He provides an
example which proves the following assertion [see Vohra (1991, Prop. 4)]:

ProrosrTioN 4. There exists a class of economies in which there does not
exist any Pareto optimal Regulated Market Equilibrium. In particular, there
is no Tax Structure and corresponding to it a Marginal Pricing Equilibrium
which is Pareto optimal.

Thus this result tells us that there is no general way of ensuring Pareto opti-
mality by instructing non-convex firms to follow Marginal Pricing, if we are
not ready to perform an explicit redistribution policy.

It is an immediate consequence of Theorem 2 and the definitions above
that, for any given Tax Structure ¢, a Pareto optimal allocation can be
decentralized as a Marginal Pricing Equilibrium with a Tax Structure .
Then, by noticing that Two-part Marginal Tariffs are equivalent to margi-
nal pricing combined with a particular Tax Structure (the entrance fee), the
following conclusions obtain:
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1) Any efficient allocation can be decentralized as a Two-part Marginal
Tariff equilibrium, provided there is sufficient willingness to pay [see Quinzii
(1991) and Brown, Heller & Starr (1992)].

2) The partial equilibrium intuition about obtaining efficiency through non-
linear prices does not hold in a general equilibrium framework [see Vohra
(1990)].

5.3. The core of an economy with increasing returns

Marginal Pricing is practically a necessary condition for Pareto optimality,
when we come to allocate the resources through a price mechanism. Yet it
has been shown to be highly insufficient (Proposition 4 showed that there is
no general way of ensuring Pareto optimality by instructing non-convex
firms to follow Marginal Pricing, if we are not ready to perform an explicit
redistribution policy). This impossibility result suggests dealing with the pro-
blem from a more general perspective, that is, analyzing the compatibility of
increasing returns and efficiency without requiring the existence of a price
mechanism. More precisely, it raises the question of the existence of core allo-
cations (namely, allocations such that no coalition can improve upon by using
their own endowments and the available technology).

At first glance, one would expect that the presence of increasing returns may
facilitate the nonemptyness of the core: bigger coalitions are more likely to
get higher productivity. This intuition, however, is far from reality, as shown
in Scarf (1986) (a paper written in 1963).

We shall specialize our reference model, in order to address this problem.
The following assumptions incorporate two main restrictions: (1) There is a
single production set; and (2) Consumption plans are represented by nonne-
gative vectors. Formally:

A.I°. There is a single production set %; which is a closed subset of RY, such
that0e ¥, and Y- Ric ¥,

A.2°. {w} + ¥ is bounded from above, for all .

A3 Foreach i = 1, 2, .., m: (a) X, = RY; (b) »;: X; > R is a continuous
and quasi-concave function, which satisfies Local Non-Satiation; and (c)
w; >> 0.

The following result tells us the bad news [see Scarf (1986), Quinzii (1992,
Th. 6.2)]:

THEOREM 3. Let 7 be a production set satisfying assumptions (A.1°) and
(A.2"), and consider the class of economies:

E() = {[(X, w, w), V] | (X, u;, w) satisfies (A.3") V 1}
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Each economy in E(}) has a nonempty core if and omly if ¥ is a convex
cone.

This result says that, with the degree of generality given by assumptions
(A.1"), (A.2)) and (A.3’), we can always construct economies with increasing
returns and empty cores. Hence, the difficulties between increasing returns
and efficiency are somehow more substantial than the way of pricing com-
muodities.

In spite of this discouraging result, Scarf (1986) also identifies a particular
family of economies satisfying assumptions (A.1°), (A.2’) and (A.3’) with
nonempty cores. For that he introduces the notion of a Social Equilibrium. A
Social Equilibrium consists of a price vector and a feasible allocation such
that consumers maximize their preferences, the firm maximizes profits wit-
hin the set of feasible productions (i.e., those using no more inputs than tho-
se available), and equilibrium profits are null. There are two special assump-
tions in Scarf’s model which allow him to ensure that a Social Equilibrium
exists and it is in the core. The first one is the distinction between «two
types of commodities: consumer goods, which appear in consumers’ utility
functions, and producer goods or inputs to production, which do not»
[Cf. Scarf (1986, p. 403)]. The second one consists of assuming that the pro-
duction set is distributive.

In order to be precise about these points, let us introduce the following
assumption:

A.0. The set £ = {1, 2, ..., £} can be partitioned into two disjoint subsets,
PC and its complement, so that if y € ¥ and ¢ ¢ PC, then y, £ 0. We shall
refer to goods in PC as Producer Commodities, and write production plans as
¥ = (a, b), with ¢ £ 0, in the understanding that a is a point in the subspace
of Producer Commodities.

Assumption (A.0) makes a distinction between two groups of commodities:
Producer Commodities (which are negative), and other commodities. Note
that there is no sign restricion over £\PC, so that there may well be factors
of production in this set (e.g. labour).

The following definition makes precise the notion of Social Equilibrium:
DEerNtTION 13. A Social Equilibrium is a price vector, p* € IP, and an alloca-
tion [(x7), y*] such that:

1) For each : = 1, 2, ..., m, x} maximizes u,(x;) over the set of points x; € X;
such that p*x; < p*w; + 0,p%y"

2) 0=py*2¢", Vye Vsuchthata>a
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That is, a Social Equilibrium is a situation in which: (1) Consumers maximi-
ze their preferences subject to their budget constraints; (2, 1) The unique
firm maximizes profits at given prices, subject to an input constraint; (2, 2)
Equilibrium profits are zero; and (3) All markets clear.

We shall give now the definition of distributive sets, assuming that (A.0)
holds. Before that let us introduce a piece of notation. For any finite collec-
tion (»', »?, ..., »*) of production plans, ' ¢ ¥ for all ¢ we shall denote by
K(y', ..., ) the convex cone with vertex zero generated by points (!, ..., %),
that is,

k
KO, )= eR | 3= 3 ayt a2 0}
t=1

DeFINITION 14. We shall say that ' is a Distributive Set whenever, for any
finite collection (y', 2, ..., 9 of production plans, with »* = (a, ) € ¥ for
all ¢, the following inclusion is satisfied:

EGYL AN peR | y=(@, H&asatV i}l

Thus a production set is said to be Distributive if any (nonnegative) weigh-
ted sum of feasible production plans is feasible if it does not use fewer
Producer Commodities than any of the original plans. It can be checked
that distributivity implies non-decreasing returns to scale, and that the out-
put possibility sets,

Bla)={b1(ab)e 1}
are non-empty, closed and convex sets.

The following theorem gives us the desired result [see Scarf (1986)]:

THEOREM 4. Let E be an economy satisfying assumptions (A.0), (A.1%). (A.27)
and (A.3’). Suppose furthermore that ¥ is a distributive set, and that
Producer Commodities are not consumed. Then a Social Equilibrium exists
and it is in the core.

Unfortunately, Distributivity is a property which is not preserved by summa-
tion, so that this result does not hold for the case of several nonconvex
firms.

REFERENCES TO THE LITERATURE. In a remarkable paper, Guesnerie (1975)
showed that marginal pricing is a necessary condition for optimality. He did
that by extending the Second Welfare Theorem to economies with non-con-
vex production sets, and using the Dubovickii-Miljutin cones of interior dis-
placements as the main tool to extend the notion of marginal pricing to
non-smooth, non-convex sets. After Cornet’s introduction of the more gene-
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ral Clarke’s normal cones for this type of analysis, Khan & Vohra (1987)
extended this result to economies with public goods, and Bonnisseau &
Cornet (1988 b) to economies with an infinite dimensional commodity space
[see also Cornet (1986)]. Vohra (1991) and Quinzii (1992, Ch. 2) provide
elegant and easy proofs of this result.

The failure of Marginal Pricing equilibria to achieve Pareto optimality was
also shown in Guesnerie (1975) (he gave the first example of an economy
where all marginal pricing equilibria were inefficient). Additional examples
of this phenomenon appeared in Brown & Heal (1979). Beato & Mas-
Colell (1983) provided a first example in which marginal pricing equilibria
were not in the set of efficient aggregate productions. Vohra (1988 b)
develops a systematic analysis of the inefficiency of marginal pricing for
fixed rules of income distribution. Vohra (1990) shows that the partial
analysis intuition about the possibility of obtaining Pareto efficient alloca-
tions via two-part marginal pricing, does not work. An excellent exposition
of the efficiency problems in this context appears in Vohra (1991). Brown,
Heller & Starr (1992) prove that efficient allocations can be decentralized
as Two-Part Marginal Equilibria, provided there is sufficient willingness to
pay.

Some positive results are available for the case of a single non-convex firm.
Brown & Heal (1983) showed that assuming homothetic preferences (which
implies that Scitovsky’s community indifference curves do not intersect), the-
re exists at least a Pareto optimal marginal pricing equilibrium. Sufficient
conditions for the optimality of marginal pricing in a more general context
are analyzed in Dierker (1986) and Quinzii (1991). These conditions refer to
the relative curvature of the production frontier and of the community indif-
ference curves, so that when the social indifference curve is tangent to the
feasible set it never cuts inside it. See also the special cases analyzed in

Vohra (1990), (1991).

Edlin & Epelbaum (1993) present a model with many firms and efficient
Two-Part Marginal Pricing Equilibrium. Villar (1994b) provides a model
with many convex and non-convex firms yielding eflicient allocations, using
an extension of Scarf’s ideas.

Concerning the two welfare theorems in economies with increasing returns,
see the illuminating discussions in Guesnerie (1990), Vohra (1991) and

Quinzii (1992 Chs. 1 - 4).

An excellent and very detailed discussion of the nonemptyness of the core of
an economy with nonconvex technologics can be found in Quinzii (1992, Ch.
6). Sharkey’s (1989) survey is also highly recomended. Besides Scarls (1986)
paper, it is worth mentioning the contributions of Sharkey (1979) (for a single
input case), Quinzii (1982), Ichiischi & Quinzii (1983) (dispensing with the
requirement of «inputs which are not consumed»), and Reichert (1986) (who
uses a nonlinear single-production input-output model, to allow for the
presence of many nonconvex firms).
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6. Final Remarks

Let us conclude this work with a few final comments on the nature of the
results presented in former sections. The following remarks summarize the
discussion:

1. There are abstract existence results for general equilibrium models with
increasing returns, under very weak assumptions (e. g. Theorem 1). The
pricing rule approach has proved a very powerful tool in this context.

2. These results, however, have not yet provided very relevant advances on
the main positive problem associated with increasing returns: the mode-
lling of imperfectly competitive markets.

3. The results concerning efficiency are mostly negative. The extension of
the Second Welfare Theorem to economies with nonconvex production
sets points out that Marginal Pricing is a necessary condition for optima-
lity. Yet, 2 number of robust examples show that Marginal Pricing equili-
bria are not generally Pareto optimal, may even be unable to satisfy pro-
duction efficiency, and can be dominated by other equilibria.

4. The good side of the negative results concerning efficiency, is that there
is a sound knowledge of the nature of the difficulties involved in the allo-
cation of resources through a market mechanism with nonconvex techno-
logies. This knowledge has provided clues allowing for some positive
results in specific models.

This perspective suggests that a point has arrived where there is a trade-off
between formal generality and economic relevance (more general models
will not probably help much in solving the difficulties raised so far). Thus a
good research strategy in this area would be to concentrate in the analysis of
models which enable to get better results (both from positive and normative
viewpoints), at the cost of losing some generality. In particular, there seems
to be stll place for positive models of monopolistic competition, normative
models involving regulation policies yielding efficient outcomes, and models
which establish better connections between the general equilibrium literature
and that one concerned with cost sharing problems.
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Resumen

Este trabajo tiene como objetive proporcionar una exposicién rigurosa y sistematica de
los principales resultados relativos a la existencia y optimalidad de las asignaciones de
equilibrio, en presencia de rendimientos de escala crecientes (0, dicho mas precisamen-
te, cuando los conjuntos de produccién no se suponen convexos). El problema se abor-
da desde una perspectiva de equilibrio general.
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